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21.

22.

In an epicyclic gear (Fig. 11.32), the wheel A fixed
to 5, has 30 teeth and rotates at 500 rpm. B gears
with A and is fixed rigidly to C, both being free to
rotate on 5,. The wheels B, C and D have 50, 70 and
go teeth respectively. If D rotates at 8o rpm in a
direction opposite to that of A, find the speed of

the shaft 5,. {104.5 rpm in same direction)
lic/
pLl
ol
P | I el )

-1 =
e 7

In an indexing mechanism of a milling machine
(Fig. 11.30), the drive is from gear wheels fixed ta
shafts 5, and S, to the bevel A through the gear
train. The number of teeth of A, B, D and F are 30,
60, 28 and 24 respectively, Each gear hasa module
of 10 mm.
Determine the number of reveolutions of 5 (or A) for
one revolution of 5, when
(@ S, and 5, have same speed in the same
direction
(b) S, and 5, have same speed in the opposite
direction
{c¢) 5, makes 48 rpmandS5, is at rest
(d) S, makes 48 rpm and $, 24 rpm in the same
direction
(2; zero; 48 rpm; 72 rpm)
Show that in a Humpage reduction gear (Fig.
11.24), the wheel E rotates in the same direction as

23.

24.

25.

26.

; Gear Trains 40!§
the wheel 8 if T.{T, is more than T.{T; and in the
opposite direction if the same is less than TefTg.
Gear Fis the fixed frame,
in a sun and planet gear train, the sun gear wheel
having 60 teeth is fixed to the frame. Determine
the numbers of teeth on the planet and the annulus
wheels ifthe annulus rotates 130 times and the arm
rotates 100 times, both in the same direction.

(70; 200)
A four-speed sliding gear box of an automobile is
to be designed to give approximate speed ratios of
4, 2.4, 1.4 and 1 for the first, second, third and top
gears respectively. The input and the output shafts
have the same alignment. Horizontal central
distance between them and the lay shaft is g8
mm. The teeth have a medule of 4 mm. No wheel
has less than 16 teeth. Calculate suitable number
of teeth on each wheel and find the actual speed
ratios attained.
In the pre-selective gear-box shown in Fig. 11.28,
the number of teeth are

TA:\ = TA: =8a TS:L = TS: =24
Ty =68 Tgy=21
TM = go Ts,=41

If the input shaft £ rotates at a uniform speed of
640 rpm, determine the speeds of the output shaft
Fwhen different gears are engaged.
{147.7 rpm, 261.3 rpm,
423 TP, 640 rpm, 101.4 rpm}
In the differential gear of a car shown in Fig.
11.30, the number of teeth on the pinion A on the
propeller shaft is 24 whereas the crown gear 8 has
128 teeth. If the propelier shaft rotates at 8oo rpm
and the wheel attached 1o the shaft 5, has a speed
of 175 rpm, determine the speed of the wheel
attached to shaft 5, when the vehicle takes a turn.
{125 rpm)



Introduction

Bl
EE]

In all types of machinery, forces are transmitted from one component to the other such as from a belt to a pulley, from
a brake drum to a brake shoe, from a gear to shaft. In the design of machine mechanisms, it is necessary to know the
magnitudes as well as the directions of forces transmitted from the input to the output. The analysis helps in selecting
proper sizes of the machine components to withstand the stresses developed in them. If proper sizes are not selected,
the components may fail during the machine operations. On the other hand, if the members are designed to have
more strength than required, the machine may not be abte to compete with others due to more cost, weight, size,
ete,

If the components of a machine accelerate, inertia forces are produced due to their masses. However, if the
magnitudes of these forces are small compared to the externally applied loads, they can be neglected white analysing
the mechanism. Such an analysis is known as static-force analysis. For example, in lifting cranes, the bucket load and
the static weight loads may be quite high relative to any dynamic loads due to accelerating masses, and thus static-
force analysis is justified.

When the inertia effect due to the mass of the components is also considered, it is called dynamic-force analysis
which will be dealt in the next chapter.

NT AND APPLIED FORCES

A pair of action and reaction forces which constrain two connected bodies to behave in a particular manner
depending upon the nature of connection are known as constraint Jorces whereas forces acting from outside
on a system of bodies are called applied forces.

Constraint forces As the constraint forces at 2 mechanical contact occur in pairs, they have no net force
effect on the system of bodies. However, for an individual body isolated from the system, only one of each
pair of constraint forces has to be considered.

Applied forces  Usually, these forces are applied through direct physical or mechanical contact. However,
forces like electric, magnetic and gravitational are applied without actual physical contact,

Abody is in static equilibrium if it remains in its state of rest or motion. If the body is at rest, it tends to remain
at rest and if in motion, it tends to keep the motion. In static equilibrium

¢ the vector sum of all the forces acting on the body is zero, and

* the vector sum of all the moments about any arbitrary point is zero.
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Mathematically,

ZF=0 (12.1)

ET=0 (12.2)
In a planer system, forces can be described by two-dimensional vectors and, therefore,

LF, =0 (12.3)

LF,=0 (12.4)

IT,=0 (12.5)

IBRIUM OF TWO- AND THREE-FORCE MEMBERS. | '

A member under the action of two forces will be in equilibrium if Fy

* the forces are of the same magnitude,

e the forces act along the same line, and

e the forces are in opposite directions.

Figure 12.1 shows such a member.

A member under the action of three forces will be in equilibrium if

» the resultant of the forces is zero, and

¢ the lines of action of the forces intersect ata point (known as paint of

CORCUTTERCY).

Figure 12.2 (a) shows a member acted
upon by three forces F|, F, and F; and is in
equilibrium as the lines of action of forces
intersect at one point @ and the resultant is F Fa
zero. This is verified by adding the forces ! Fyl \Fi
vectorially [Fig. 12.2 (b)]. As the head of the
last vector F; meets the tail of the first vector AN, /B
F|, the resultant is zero. It is not necessary Yo F
to add the three vectors in order to obtain c () Fs ()
the resultant as is shown in Fig. 12.2 (¢) in {b)
which F, is added to F and then Fiis taken.

Figure 12.2 (d) shows a case where the Fa {a) ]
magnitudes and directions of the forces are @g. 1
the same as before, but the lines of action of
the forces do not intersect at one point. Thus, the member is not in equilibrium.

Consider a member in equilibrium in which the force F, is completely known, F, is known in direction
only and F; is completely unknown. The paint of applications of F,, F, and F; are 4, B and C respectively.
To solve such a problem, first find the point of concurrency @ from the two forces with known directions, i.c.,
from F, and F,. Joining O with C gives the line of action of the third force Fy. To know the magnitudes of
the forces F, and F;, take a vector of proper magnitude and direction fo represent the force F,. From its two
ends, draw lines parallel to the fines of action of the forces F,and F; forming a force triangle {Figs 12.2 (b)
or {¢). Mark arrowheads on F, and F, so that F,, F, and F, are in the same order.

If the lines of action of two forces are paralicl then the point of concurrency lies at infinity and, therefore,
the third force is also parallel to the first two.
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[BER WITH TWO FORCES AND A TORQUE

A member under the action of two forces and an applied torque will be in

equilibrium if

» the forces are equal in magnitude, parallel in direction and oppesite in

sense, and

e the forces form a couple which is equal and opposite to the applicd torque.
Figure 12.3 shows a member acted upon by two equal forces F, and F; and

an applied torque T. For equilibrium,

At

“Fig. 123

T=F/xh=F,xh (12.6)
where 7, F, and £, are the magnitudes of T, F, and F, respectively. T is clockwise whereas the couple formed

by F, and F, is counter-clockwise.

EQUILIBRIUM OF FOUR-FORCE MEMBERS

Normally, in most of the cases the above conditions for equilibrium of a member are found to be sufficient.
However, in some problems, it may be found that the number of forces on a member is four or even mare
than that. In such cases, first look for the forces completely known and combine them into a single force
representing the sum of the known forces. This may reduce the number of forces acting on a body to two or
three. However, in planer mechanisms, a four-force system is also solvable if one force is known completely
along with lines of action of the others. The following examples illusteate the procedure.

Figure [2.4(ap shows a
quaternary link ABCD under
the action of forces F, F, F;
and F, acting at A, B, C and
D respectively. The link is in static equilibrium.
Determine the magnitude of the forces Fyand F,
and the direction of ;.

Example 12.1

Solution The forces F, and F, can be combined into
a single force F by obtaining their resultant [Figs
12.4(b) and (c)]. The force F acts through O, the
point where lines of action of F| and F, meet.

Now, the four-force member ABCD is reduced to
a three-force member under the action of forces F
(completely known), F, (only the direction known)
and ¥, (completely unknown).

Iet F and F, meet at . Then CO is the line of
action of force F;. By completing the force triangle,
obtain the magnitude of F, and Fs.

Magnitude of F, =380 N

Magnitude of F; =284 N

Line of action of force F; makes an angle of
15.5° with CB.

Example 12.2  Figure 12.5(a) shows a cam
with a reciprocating-roller
Jfollower  system.  Various
Jorces geting on the follower
are indicated in the figure. At the instant, an
external force F; of 40 N, a spring force F, of




15 N and cam force Fs of unknown magnitde
act on it along the lines of action as shown. F,
and F,are the bearing reactions. Determine the
magnitudes of the forces F;, F,and Fy Assume
no friction,

;&xg 123_?

;- FORCE CONVENTION

The force exerted by the member 7 on the member J 18 represented by F

 FREE-BODY DIAGRAMS

Static Force Analysis &&i

Solution As in the previous example, forces F,and
F, can be combined into a single force F by cbtaining
their resultant {Figs 12.5(b)]. Their resultant must
pass through point 4, the point of intersection of F,
and F,. Thus, the number of forces acting on the
body is reduced to four.

Now, assume that the magnitude of force F, is
known and the force F is to be combined with it.
Then the resultant must pass through their point of
intersection, i.e., the point £ [Fig. 12.5(c)]. This
way, the body becomes under the action of three
forces which must be concurrent for the equilibrium
of the body. Thus, the resultant of F and F; must
pass through the point G, the point of intersection of
the forces F, and F;. Therefore, the line of action of
the resultant of F and F is £G.

Now since the force F is completely known
and the lines of action of F; and their resultant are
known, the force diagram can be made. First take
the force F and then to add F, draw a line parallel to
ifs line of action through the head of F {Fig. 12.5(d)].
Through the tail of vector F draw a line parallel to
the line of action of the resultant. The triangle aeb
thus provides the magnitude of the force F, as well
as resultant of F|, F, and F,. '

Now the number of forces acting on the body is
reduced to three. One force is completely known
and the lines of action of the other two are known.
A triangle of forces can be drawn and magnitudes of
F;,F,and F; can be found.

Magnitude of F,= 12 N

Magnitude of F ;= 42 N

Magnitude of F; = 60 N

i

A free-body diagram is a sketch or diagram of a part isolated from the mechanism in order to determine the

nature of forces acting on it.

Figure 12.6(a) shows a four-link mechanism. The free-body diagrams of its members 2, 3 and 4 are
shown in Figs 12.6 (b) (c) and (d) respectively. Various forces acting on each member are also shown, As the
mechanism is in static equilibrium, cach of its members must be in equilibrium individually.
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Member 4 is acted upon by
three forces F,Fy, and F .

Member 3 is acted upon by
two forces Fp; and F ;.

Member 2 is acted upon by
two forces Fq, and F,; and a
torque T.

Initially, the direction and
the sense of some of the forces
may not be known,

Assume that the force F
on the member 4 is known
completely. To know the
other two forces acting on this

(b) (a) (®) l.o.a. = Line of action

¥Fig,

member completely, the direction of one more force must be known.

Link 3 is a two-force member and for its equilibrium, F,, and F, must act along BC. Thus, F3, being
equal and opposite to F,;, also acts along BC. For the member 4 to be in equitibrium, F, passes through the
intersection of F and F;,. By drawing a force triangle (F is completely known), magnitudes of F,, and Fy,

can be known [Fig.12.6 (e)].
Now

Fy=Fg=F;=Fy

Member 2 will be in equilibrium if F,, is equal, paraltel and opposite to Fy, and

T=Fuxh=Fyxh

In linear systems, if a number of loads act on a system of forces, the net effect is equal to the superposition
of the effects of the individual loads taken one at a time. A lingar system is one in which the output force is
directly proportional to the input force, i.e., in mechanisms where coulomb or dry friction is neglected.

Example 12.3 A slider-crank mechanism with
Ry the following dimensions is
] acted upon by a force F = 2 kN
AN | at Basshown in Fig 12.7(a):
OA = 100 mm, AB = 450 mm,
Determine the input torque T on the link OA for
the static equilibrium of the mechanism for the

given configuration.

Solution As the mechanism is in static equilibrium,
each of its members must also be in equilibrium

&8
individually. A Faz (c) Fia
Member 4 is acted upon by three forces F. Fyy
and Fy, [Fig. 12.7(b}]. T
Member 3 is acted upon by two forces F,; and 2 75 F f\ﬁ“‘\
¥, [Fig. 12.7(0)] Fe ™y e
Member 2 is acted upon by two forces F;; and {d)

F; and a torque T [Fig. 12.7(d)}.



Initially, the direction and the sense of some of

the forces are not known.

Now, adopt the following procedurc:

e Force F on member 4 is known completely
(= 2 kN, horizontal). To know the other two
forces acting on this member completely, the
direction of one more force must be known.
To know that, the link 3 will have to be
considered first which is a two-force member.

* As the link 3 is a two-force member, for its
equilibrium, F,, and F,, must act along 48 (at
this stage, tht sense of direction of forces F,
and F; is not known). Thus, the line of action
of F3, on member 4 is also along AB.

* As force F,, acts through the peint B on the
link 4, draw a line parallel to BC through 8
by taking a free body of the link 4 to represent
the same. Now, since the link 4 is a three-force
member, the third force F,, passes through
the intersection of F and Fs, [Fig. 12.7(b)].
By drawing a force triangte (F is completely
known), magnitudes of F,, and F, are known
[Fig.12.7 (e)].

From force triangle,

Fy, =204 kN

Now, Fu=-Fu=Fp=-Fy

Member 2 will be in equilibrium [Fig. 12.7(e)] if
F|, is equal, parallel and opposite to F, and

T=Fyxh =204x75=-153 kN.mm
(h =75 mm on measurement)

The input torque has to be equal and opposite to
this couple i.e.,

T=153 kN.mm or 153 N.m (clockwise)
Analytical solution

1
cosﬁ=—\/n2vsin29 =
n

L a5 _sni20°
45

=0.981
or f=11.1° (Refer Section 13.5)
Fiac0811.1°=2 or Fyy =204 kN
ZOAB 180° - 120° - 11,17 = 48.9°
. I'=Fyy x h=2.04 % 100 sin 48.9"
=153.7 kN.mm

» The direction and senses of forces in the
analytical solution can be known by drawing
rough figures instead of drawing these to the
scale.

Static Force Analysis &

A four-link mechanism with
the following . dimensions
is acted upon by a force 80
Z 150° N on the link DC [Fig. -
12.8(a)]:

AD = 500 mm, AB = 400 mm, BC = 1000
mm, DC = 750 mm, DE = 350 mm
Determine the input torque T on the link AB Jor .
the static equilibrium of the mechamm for tbe-
given configuration, '

Example 12.4

Solution As the mechanism is in static equilibrium,
each of its members must also be in equilibrium
individually.
Member 4 is acted upon by three forces F, Fy,
and F,.
Member 3 is acted upon by two forces F,;and F,;.
Member 2 is acted upon by two forces F;, and
F,; and a torque T.
Initially, the direction and the sense of some of
the forces are not known,
Now, adopt the following procedure:
¢ Force F on the member 4 is known completely.
To know the other two forces acting on this
member completely, the direction of one more
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force must be known. To know that, the link
3 will have to be considered first which is a
two-force member.

» As the link 3 is a two-force member (Fig.
12.8b), for its equilibrium, F,; and Fy; must
act along BC (at this stage, the semse of
direction of forces F,; and F,; is not known).
Thus, the line of action of F,, is alsc along BC.

¢ As the force Fy, acts through the point C on
the link 4, draw a line parallel to BC through C
by taking a free body of the link 4 to represent
the same. Now, as the link 4 is a three-force
member, the third force F,, passes through the
intersection of F and F,, as the three forces
are to be concurrent for equilibrium of the tink
[Fig. 12.8(c)]. By drawing a force triangle F
is completely known}, magnitudes of F,; and
F,, are known [Fig.12.8 (d}).

From force triangle,

Fiy=478N
Now, Fy=—Fyu=Fy=-Fy
Member 2 will be in equitibrium [Fig. 12.8(e)] if
F,, is equal, parallel and opposite to F,, and
T=-Fpxh =-478%x393 =-{8 780 N.mm
The input torque has to be equal and opposite to
this couple i.e.,

T=18.78 N.m (clockwise)

Analvtical Method

First of all, the angular inclinations of the links

BCand DC, ie., angles Band ¢ are to be determined.
This may be done by drawing the configuration or
by analytical means (Section 4.1).

Cc

We have (Fig. 12.9),

k=’ -+ &

k=(0.4%-17+0.752+0.5%/2 =-0.01375

A=k-afd—cicos 8-cd=-001375-04(0.5
«0.75) cos 120°—0.75 x 0.5 =-0.439

B=-2acsin 8=-2 x 0.4 x0.75 sin 120°

=-0.52

C=k-afd+c)cos8+cd

=—0.01375-0.4{0.5+0.75) cos 120" +0.75 x 0.5

=0.611

@_han_{—Bi\fBz—éiAC]

Y (Eq. 4.7)

1052 £4J(-0.52)2 - 4% (- 0.439)0.611)

=2tan
2x(-0.439)
=2 tan"'(0.727 or - 0.439)
=72%or - 47.4°
Taking the first wvalue (value in the first
quadrant},
We have,

asin @+ bsin f=csin @ (Eq. 4.3)

0.4 x sin 120° + 1 x sin $=10.75 x sin 72°

or sin 8=0712 or B =21.5°
Position vectors

AB =04 £120°, BC= 1.0 £21.5% DC=0.75
£72° ,DE =035 £72°

The direction of Fy4 is along BC since it is a two-
force member,

Fy = Fy, £21.5°

As the link DC is in static equilibrium, no
resultant forces or moments are acting on it.

Taking moments of the forces about point D,

M;=F,xDE+F;,xDC=10 ()

Moments are the cross-multiplication of
the wvector, so it should be done in rectangular
coordinates.

F,=80 Z150°=—69.28i+ 40

BE =035 #72°=0.108i +0.333 j

Fy = Fiy £21.5°=F3,0.93 i+ 0.367 j)

DC=0.75 £72°=0.232i+0.713 j

Inserting the vatues of vectors in (i),

(—69.28i + 40 j) x (0.108 i + 0.333 j)

+ Fa,(093i+ 0367 Hx {02351+ 0.712j)=0



i i Kk i j k
or[—-69.28 40  0[H093F;, 0367F, 0j=0
0.108 0.333 0] | 0.232 0713 0

or (—69.28 x 0.333 - 40 x 0,108) + (0.83 Fy, x

0.713 - 0.367F;, x 0.232)

Thus, Fye=47.3221.5°
Now, Fy=—Fy=Fu=-F,= 4732215
F,, =—F, =473/215
Ty, = Fj, x AB = 47.3/21.5° x 0.4 £120°
=189 N.m

Example 12.5 A fowr-link mechanism with
the following dimensions is
acted upon by a force of 50N
on the link DC at the point E
(Fig. 12.10a):

AD = 300 mm, AB = 400 mm, BC = 600 mm,
DC = 640 mm, DE = 840 mm

Determine the imput torque T on the link AB for
the static equilibrium of the mechanism for the

given configuration.

)] A
Fiz
B Faz @ Faa Fia
Fx B h
50N
{e) (d) {e)
}'13 12.10.

Solution As the mechanism is in static equilibrium,
each of its members must also be in equilibrium
individually.

Member 4 is acted upon by three forces F. Fy,
and F, [Fig. 12.10(b}]

Static Force Analysis 41§

Member 3 is acted upon by two forces F,; and
¥, [Fig. 12.10(c)]

Member 2 is acted upon by two forces Fy, and
F,; and a torque T [Fig. 12.10(d}]

Initially, the direction and the sense of some of
the forces are not known.

The procedure to solve the problem graphically
is exactly similar to the previous example. In brief,
the link 3 is a two-force member, so it provides the
line of action of force Fy, on the link 4. Since the
link 4 is a three-force member and forces are to be
concurrent, the lines of action of all the forces on the
link 4 can be drawn. Then the force diagram provides
the magnitude of various forces [Fig. 12.10(e}]. The
rest of the procedure is self-explanatory.

From force triangle,

F,=305N

Now, F3, =—Fp3=F,=~Fy, or F3;; =305N

T=F,xh =30.5x249 = 7595 N.mm

{# = 249 mm. on measurement)

The input torque has to be equal and opposite to
the couple obtained by parallel forces t.e.,

T=7.595 N.m {counter clockwise)

For the mechanism shown
in Fig. 12.1la, determine
the torque on the link AB for
the static equilibrium of the
mechanism.

Example 12.6

Solution
(i) Composite Graphical Solution As the
mechanism is in static equilibrium, each of its
members muyst also be in equilibrium individually.
» Member 4 is acted upon by three forces F Fy
and F,[Fig. 12.11{b}].
» Member 3 is acted upon by three forces F,,
F,,and Fys.
s Member 2 is acted upon by two forces F, and
F,,and a torque T.
To solve the problem graphically, proceed as follows:
s Force F, onthe member4isknown completely.
To know the other two forces acting on this
member completely, the direction of one more
force must be known. However, as the link 3
now is a three-force membser, it is not possible to
know the direction of the force F., from that also.
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e Consider two components, normal F;'4 and

tangential Fj, of the force Fs,. Assume Fy,

to be along DC and F}, perpendicular to DC
through C. Also, take the components of force
F, e, Ff'and F} along the same directions.
Now as the link 4 is in equilibrium, no
moments are acting on tt. Taking moments of
all the forces acting on it about pivot point D.
M= Fy xDC+F| xDE=0

(No moments are to be there due to forces FY,
Fy and F,, as these forces  pass  through
the point D)

or Fy, =— Ff x—

Graphically, the above value of Fjy can
be obtained by taking F, on the link 4 to
some convenient scale and then taking two
components of it, the normal component
along DC and the tangential component
perpendicular to DC being shown by JH in
Fig. 12.11(c}). Also, draw CL | DC. Draw
JL parallel to HC. Join DL which intersects
JH at K. Now, KH is the component F}, the
direction being towards K.

Now consider the equilibrium of the link 3.
The forces acting on it are F,, F,;and Fy and
F;; - The latter two components are equal and
opposite to F;4 and Fy, respectively.

Find the resultant of F, and Fj; by drawing
the force diagram as shown in [Fig. 12.9(d)].
Draw a line CM 1| DC and through C to
represent the line of action of force Fy; on the
link 3 [Fig. 12.11{d)]. It intersects the line of
action of the force F, at M. Now the resultant
of F, and Fy; must pass through M, Thus, draw
a line parallel to R through M.

Now the link 3 is reduced to a three-force
member [Fig, 12.11(e)], the forces being:

R, F§; and Fyp,.

As these are to be concurrent forces, Fyy must
pass through the intersection of lines of forces
Fg; and R. Draw a line parallel to DC and
through C to represent the line of action of
force Fg3. This intersects the line of action of
R at M. Join BN. Now BN represents the line
of action of force Fy;.



o Completc the force diagram and find the
magnitude of Fyy and F.

e Draw line parallel to line BN through 8 on
link 2 {Fig. 12.11{f)] to represent the linc of
action of force F5; and a parallet line through
A to represent the line of action of’ force Fyy.
From force diagram,

Fy=494N
Now, Foo=—F5;=-49.4
Member 2 will be in equilibrium if F 5 is
equal, parallel and opposite to F. and
T=-Fyxh=—49.8x 143 =-706.4 N.mm
The input torque has to be equat and opposite
to this couple, i.e.,
T'=706.4 N.mm (clockwise}

(ii) Graphical Solution by Superposition

method

Fig. 1212

Subproblem a (Fig. 12.12) Neglecting force F,

Link 4 is a three-force member in which only one
force F, is known. However, the line of action of F;,
can be obtained from the equilibrium of the link 3
which is a two-force member and is acted upon by
forces Fyyand Fy;. Thus, lines of action of forces Fy,
or F, are along BC. If F, and Fy;ntersect at O then
tine of action of F|, will be along OD since the three
forces are to be concurrent. Draw the force triangle
(F, is completely known) and obtain the magnitudes
of forces Fy,and F

Fyu=176N

i
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Also. Fy=—Fp=Fu=-F;,=-176N

So, the direction of F, is opposite to that of F,.

Link 2 is subjected to two forces and a torque T,

For equilibrium, F, ,is equal, parallel and opposite
to Fs,

Ty, = Fyp x I =176 x 149 = 262 N.mm
clockwise

Subproblem b (Fig. 12.13) Neglecting force F.

e 5
3 5 F2=25N 5570
&
- loa F
o -6.a. Fyp
#]
@2 La.a. Fzg
D B
Fa;
Fis
F;
Fig. 12.1%

Link 4 is a two-force member. The two forces Fi,
and F,, are to be equal and opposite and their line of
action is to be the same which shows that the line of
action is along DC. Thus, the line of action of ¥y is
also along DC.

Link 3 is a three-force member in which F; is
compictely known, only the direction of Fy3is known
(parallel to C) and F; is completely unknown. I
the line of action of F, and F,; meet at O, the line
of action of F, will be along OB as the three forces
are to be concurrent. Draw the force triangle (F, is
completely known) by taking F, to a suitable scale
and two lines parallel to lincs of action of Fy; and
F,, Mark arrowheads on F,y and Fy; to know the
directions.

Fy3=33.2N

and f,,=-F,,=-332N

So, direction of F, is opposite to that of ;.

Link 2 is subjected to two forces and a torque T,

For equilibrium, F,; is equal, paraliel and
opposite 1o Fao

Ty =Fyy X by =33.2% 13.2 =438 N.mm lockwise

Total torque = 262 + 438 = 700 N.mm
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Example 12.7  For the static equilibrium

: of the mechanism  of
[Fig 12.14(q}], find the torque
to be applied on link AB.

Fig. 12.18

Solution The point of action of force F, on the link
4 is an offset point G. If DC is extended and let the
line of action of force F| meet at H then the force F,
may be considered to be acting on a virtual point Ff
on the link DC as the magnitude of force as well as
the magnitude couple effect is not going to vary.
Now, the problem can be solved by adopting the
procedure given in the previous example. In brief:

* Take vector RH to represent force F, to some

scale.
Find force Fy,. Its magnitude is given by HK
and it acts through .

Find the resultant of F, and F§; and its point
of application in the free body diagram.
Through point C, draw line for the vector Fgy
and then find the line of application of F,;,.
From force diagram,

F,; =689N
Now, Fiu=—F,;=-494
Member 2 will be in equilibrium if F,, is
equal, parallel and opposite to F;, and
T= -Fypxh =—689x18.65=—1285 N.mm
The input torque has to be equal and opposite
to this couple, i.e.,
7= 1.285 N.m (clockwise)
The example can also be worked out by
the graphical method using the principle of
superposition,

Example 12.8  For the static equilibrium of

the gquick-return mechanism
shown in Fig. 12.15a, deter-
mine the input torgue T, fo

be applied on the link AB for a force of 300
N on the slider D. The dimensions of the various
links are

OA = 400 mm, AB = 200 mm, OC = 800 mm,

CD = 300 mm

Solution The slider at I or the link 6 is a three-
force member. Lines of action of the forces are
[Fig.12.15(b))

¢ F, 300 N as given

Fs, along CD, as link 5 is a two force
member
F¢, normal reaction, perpendicular to slider
motion

Draw the force diagram and determine the
direction sense of forces Fs; and F,. From
the force Fig, the directions of forces F,, Fis
and F; are known. Now, the link 3 is a three-
force member. Lines of action of the forces are
Fg; , known completely through C



o F,;, perpendicular to slider motion through B

¢ F|;, unknown through 4.
As the lines of action of forces acting through
B and C are known, the line of action of F,
through 4 must also pass through the point of
intersection of the other two forces. Find the
sense of the direction of force F; by drawing
the force triangle.

Ep—"~
T~ loa Fy
e

400 Voo
mm 3
a 3
l.o.a Figy

{b}

s 2k

Considering the equilibrium of the slider 4, the
direction of F, is known which is equal and opposite
to F,, Considering the equilibrium of the link 2,

e 12,48

Static Force Analysis

the lines of action of F,, and F, are drawn and the
perpendicular distance between them is measured.
Then, torque on the link 2,
T, = Fypx h =403 x 120 = 48 360 N counter-
clockwise

Example 129 A four-link mechanism is
subjected 1o the following
external forces (Fig.12.16 &
Table 12.1): Determine the
shaft torque T, on the input

link AB for static equilibrium of the mechanism.
Also find the forces on the bearings A, B, C and D.

C

Solution
The solution of the stated problem is worked out by
(i) graphical solution by using theorem of
superposition, i.., dividing the problem into
subproblems by considering only one force
on a member and ignoring the other forces
on other members
(i1) a composite graphical solution
(iii) analytical solution

(i} Graphical Method by Superposition
Subproblema(Fig.12.1 T)NeglectingforcesFandF,.

Link Length Force Magnitude Point of application force (r)
AB (2) 500 mm F, 80 £ 73.5°N 325 mm from 4
AB(3) 660 mm F, 144 £ $8°N 297 mm from B
AB (4} 560 mm Fy 60 £ 42°N . 373 mm from D
AB (D) 1000 mm - (Fixed link)
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F43=0
@ \F34=0
g ¢ .‘Br/'/j' ¢
F23=?® @
Tza T
Fo Fio,/[F> 28
0
A
A D hZa F14=0

_:i”ﬁ!"ig. 12.17"w

Links 3 and 4 are both two-force members.
Therefore, F,; can be along BC and F,4, along DC.
As Fis to be equal and opposite of F, both must
be zero.

Also Fys=Fy;=Fy, =0

Hence, the link 2 is in equilibrium under the
action of two forces F, and F, (F}, = F,) and torquc
T,
T, = Fy X Ay, = 80 x 0.325 sin 13.5° = 6 N.m
clockwise

Fa
C
F3o
a
Tos @A / @
Fiz
A Iy
Fis
{Fig 1218,
Subproblem b (Fig. 12.18) Neglecting forces F,
and F,.

Link 4 is a two-force member.
. F3y = F)y magnitudes unknown, directions
parallel to DC

Link 3 is a three-force member in which F, is
completely known, only the direction of F43i8 know
(parallel to DC) and F,; is completely unknown. If
the line of action of F, and F,; meet at O, the linc
of action of Fy; will be along OB. Draw the force
triangle (F, is completely known) by taking F;i0a
suitable scale and two lines parallel to lines of action
of F;; and Fy; Mark arrowheads on F,, and Fyto
know the directions.

Fiy=50N

Also, Fyu=Fyu=F,=50N
Fy=113N

and Fyy=F=113N

Link 2 is subjected to two forces and a torque T,
For equilibriuvm, F,, is equal, parallel and
apposite to Fy,

Tap = Fy3 2By, =113 x0.16 = 18.1 N.m counter-
clockwise.

C

Fq

iig, 12,193

Subproblem ¢ (Fig. 12,19) Neglecting forces F,
and F,.

Link 4 is a three-force member in which only one
force F, is known. However, the line of action of
F, can be obtained from the equilibrium of the link
3 which is a two-force member. F,, will be equal
and opposite to F 3 which is along BC. If F, and Fi,
intersect at () then the line of action of F 4 will be



along OD. Draw the force triangle (Fis completely
known) and obtain the magnitudes of forces Fyy
and F,
Fla=348N
Also, Fyy=F;=Fp=F;=34N
Link 2 is subjected to two forces and # torque T,
For equilibrivm,
Fi, =¥y
T, = Fyy X Ity = 34 x 0.38 = 12.9 N.m counter-
clockwise.
Net crankshaft torque = To, + 1o + T3,
= -6+18.1+129
= 25 N.m counter-clockwise
To find the magnitudes of forces on the bearings,
the results obtained in a, b and ¢ have io be added
vectorially as shown in Fig. 12.20.

l.o.a. = Line of action

. Fig. 1220'@,

F,=8N
Fy=Fy=60N
Fpy=Fp=137N
F,=204N

(ii) Composite graphical solution

The problem can be solved by following the same
procure as in examples 12.6 and 12.7. The solution is
worked out in Fig. 12.21 which is self-explanatory.
After obtaining the force Fy,, the resuitant £ of this
force with the force F, can be obtained by drawing

Static Force Analysis Aﬁ%

a force diagram. This resultant passes through the
intersection of the lines of action of F, and Fy;.

Loa Fiy

Fig.1221
T=R'xh=F,xh
=208.8 x 117 = 24 430 N.mm or 24.43 N.m

{iii) Analytical Method

First of all, detenmine the angular inclinations of the
links BC and DC, i.c., angles 8 and ¢. This may be
done by drawing the configuration or by analytical
means (section 4.2). Angles 3 and ¢ are found to
be 10.3° and 100.4° (Fig. 12.22) respectively using
analytical means.
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Position vectors AB=0.5 £60° = 0,251 + 0.433]
BC=0.66 £10.3°= 06491 + 0.118 j
DC=0.56 £100.4°=-0.1011+0.55] j
AE = 0325 £60°=0.163 i + 0.28] j
BG = 0.297 £10.3° = 0.292§ + 0.053 |
DH=0.373£100.4°= 0.0673i+0.367]
Fy =80 £73.5°=2272i+ 767
Fy=144 £58=7631i4 1221
Fy=60 £42°~ 4459 { ~ 40,15 |

Force vectors

Subproblem a
Fiy=-F,=-80 £73.5°
=80£253.5°=-22.72i-76.7
N, =F; < AE = (22.72 i + 76.7 j)
X (0.163 i+ 0.281 j)

i J k

=122.72 767 0

0.163 0.281 0
=22.72x0.281 - 76.7 % 0.163

=-0.12 N.m

Subproblem b As the link BC is in static
equilibrium, the resultant forces and moments acting
on it are zero,

Taking moments of the forces about point 5,

My=Fy x BG + Fy x BC =0 (i)

As the direction of F, is along DC if force F,is
ignored,

- Fig =Fi3 £100.4°= 0,181 F 5 i + 0.983 F

Inserting the vaiues of vectors in {i),

(76.311+122.1j ) x (0.292 i + 0.053j)

+(—0.I81F43i+0.983F43j)x(0.649i+0.llSj)=0

i i K i i k|’

763 1221 0|+|-0.181F; 0983F, 0/=0

0.292 0.053 ¢ 0.649 0.118 0

—31.61 0.659 F,, =0

Fy=-48

Thus

Fs = —482100.4°= 48£280.4° = §.66 i — 47.1]

Fiy=—Fyy=Fyy=482804° = 8.66 i - 47.1;

Similarly, the net force on the link 3,
Fi+F3+Fyy=0

Or Fyy +(76.31 i + 122.1j) + (8.66 1 - 47.1j) =0

or Fy +84.97§ 175§ =0

or Fyy=-84.971-75) or 113.3 £2214°

Or Fyy=1133 £41.4° =84.97j + 75)

Fia=-Fy,=—8497i .75
Top= B3y X ABLG0® = (84.97 i 475 jy x
(0.251+ 0433 j)
= |8 N.m
Subproblem ¢ As the link DC is in static
equilibrium, no forces and no inoments are acting
on it Taking moments of the forces about point D,

M,= ¥, xDH +Fy, x DC=0 (i)

As the direction of F,, is along BC if the force
F, is ignored,
“ Fag= Ky £10.3°= 0984 Fy i + 0179 F,, §
Inserting the values of vectors in (ii),
(44.591+40.15 ) x (- 0.0673 i + 0.367 i
+{0.984 F1,i+0.179 F,, j)x(-0.101 i+0.551)=0
or
i i k i i k
44.59 4015 0|+[0.984F,; 0.179F,; 0/=0
—0.0673 0367 0] | -0.10 0.551 0

or  19.067+0.56 F,, =0
Fy=-34
Thus
Fiu=-34210.3°=34£190.3°=-33.45i - 6.08]
Net force on the link 4,
Fy+F+Fp =0
or (- 33.45i—6.08j)+(44.59i+40.]5j)1—FI4=0
or 11145+ 3407j+F =0
Of  Fy=- 10.14i-34.07] or 358 2251.9°
Now. Fy, = Fp3= Fyy = —Fy,= 33.45 i+ 6.08]
Fip =-Fy =-3345i-608]
oo = Fy X ABZ60° = (33.45i+6.08 j) x
(0.25i +0.433 )
=12.96 N.m
Net crankshaft torque = L+ Ty + T,
=-6.12+18+12.96
= 24.84 N.m counter-
clockwise
Forces on the bearings
OnD, F, = (8.66i—4?.lj)+(—11.]4i=34.0?j)
=-248i-81.17j
=81.2 L268.2°N
or it can be stated as F,, = 81.2 £88.2°N
OnC, F;;=(8661i—47.1 D+ (3345i+6.08 j)
=4145i-41.02
= 38.8 Z315.8°N




On B, Fyy =(-84.971-75))+(-33.45i-6.08 )
=118.421-81.08
=143.5 Z2 144N

Ond, Fp,=(-2272i-76.7j)+(-84.97i—75])

+(~33.45i-6.08 j)
=—141.14i— 157.78
=211.7/228.2N

Example 1210 In a four-link mechanism
shown in Fig. 12.23(a), torgue
T; and T, have magnitudes of
' 30N.mand 20N.mrespectively.
The link Iengrks are AD = 800 mm, AB = 300
mm, BC = 700 mm and CD = 400 mm. For the
static equilibrium of the mechanism, determine
the required input torque T,.

Static Force Analysis 4%

Solution The solution of the stated problem can
be obtained by superposition of the solutions of
subproblems « and 4.

Subproblem a [Fig. 12.23(a)] Neglecting torque
T-

Torque T, on the link 4 is balanced by a couple
having two equal, parallel and opposite forces
at C and D. As the link 3 is a two-force member,
Fy; and therefore, Fy, and F, will be parallel
to BC.

I, 20
Fu=F,=-%=_"__5)N
hy, 0383
and Fy = Fyy= Fy= Fyy= Fj,=52.2N
Tyy= Fux hy, =522 %0274 =143 N.m

counter-clockwise.

Subproblem b [Fig. 12.23(b)] Neglecting torque
T,
F43 18 along CD. The diagram is self-explanatory.

T,
Fyy = Fyy :vi:io-—=44.8N
Fas=Fy=F;=448N

Typ = FiyX by =448 X 0.042 = 1 88 Nm

counter-clockwise.

I,=7,+7,,=143+188=16.18 N
counter-clockwise
Example 12.11 Figure 12.24 shows a

schematic  diagram of an
eight-link mechanism. The

link lengths are
AB =450 mm OF = FC = 250 mm
AC =300 mm CG = B0 mm
BD = 400 mm HG = 600 mm
BE = 200 mm OH = 300 mm

Determine the required shaft torgue on the link
8 for static equilibrium against an applied load
af 400 N on the link 3.
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Lo
Fia

l.o.a. = lire of action

CFig. 1224

Solution Links 2, 6 and 7 ase two-force members.
Since their lines of action can casily be visualised,
it is not necessary to draw their free-body diagrams.
Links 3, 4 and 5 are three-force members and 8 is a
member with two forces and a torque.

* 129 PRINCIPLE OF VIRTUAL WORK

The principle of virtual (imaginary) work can
be stated as ‘the work done during a virtual
displacement from the equilibrium is equal to
zero'. Virtual displacement may be defined as
an imagipary infinitesima} displacement of the
system. By applying this principle, an e¢ntire
mechanism is examined as a whole and there is
no need of dividing it into free bodies.

Slider 2 1s a two-force member. If friction is
neglected, the forces on it Fp; and Fs; must act
perpendicular to the guide path.

Considering the link 3, concurrency point can be
found from the lines of action of F,; and F, and thus
the line of action of F; is established.

The cquilibrium of the link 4 cannot be considered
at this stage as the line of action of only one force
F,,is known (from F ;).

Taking the link 3 which is a three-force member,
the line of action of force at F is along OF and
of force at ¢ along HG. Establishing the point of
concurrency from these iwo forces, the line of action
of force at C. i.c., of the force Fy5 is known.

Now, take the link 4 and determine the line of
action of the force at 4 since the lines of action of
forces at 8 and C are known.

Force Fy is along HG and an equal, parallel and
opposite foree Fy also acts on the link 8.

Now, the lines of action of all the forces are
known. To delermine the torque on the link 8,
proceed as [ollows:

Construct a force diagram for the forces on the
link 3 (F is completely known) and find Fg, (thus
F, 15 known).

Draw a force diagram for the forces on the
member 4 {F,, is complete known) and find Fs,
(thus F 4 i1s known).

Draw a lorce diagram for the forces on the
member 5 (Fy is complete known} and find Fos
{thus F;is known).

Now Fgy=Fey = Foy = Fiy

Fy= Fo0x b =75>240 = 18 000 N.mm
or 18 Num clockwise

Fig. 12.25
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Consider a slider-crank mechanism shown in Fig. 12.25. 1t is acted upon by the external piston force F,
the external crankshaft torque T and the force at the bearings. As the crank rotates through a small angular
displacement 88, the corresponding displacement of the piston is dx. the various forces acting on the system
are

¢ Bearing reaction at € (performs na work)

e Force of cylinder on piston, perpendicular to piston displacement (produces no work)

* Bearing forces a1 4 and B, being cqual and opposite (4B is a two-force member), no work is done

« Work done by torque T= 768

e Work done by force F = F éx

Work done is positive if a force acts in the direction of the displacement and negative if it acts in the
opposite direction.
According to the principle of virtual work,

W=Td0+ Fdr=0 (12.7)

As virtual displacement must take place during the same interval 8+,

d
r L rd g
dt dt
or To+Fv=0 (12.8)
where @is the angular velocity of the crank and v, the linear velocity of the piston.

T=——vw
@

The negative sign indicates that for equilibrium, T must be applicd in the opposite direction to the angular
displacement.

Example 12.12 Solve Example 2.9 by
using the principle of virtual
WOrK.

(b)

; Fig. 12.267

Sofittion Assume that the line 48 has an instantane-
ous angular velocity of @ rad/s counter-clockwise.
Then v, = 0.5 arm/s.
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From the configuration diagram [Fig. 12.26(a)],
draw the velocity diagram [Fig. 12.26(b)]. Locate
the points E, F and G on the velocity diagram
and locate the velocity vectors for the same. Take
their components parallel and perpendicular to the
direction of forces.

Vv, = 0.0745 rad/s (parallel to F,)
v',=0.124 rad/s (parallel to F;)

V', = 0.205 rad/s (parallel to F,)
Assuming 7to be counter-clockwise and applying
the principle of virtual work,
Tx o+ F,x00745w — F; x 0.1240 — F, %
0.205@=10

or T+80x0.0745-144x0.124—-60x0.205=0

oo T=-6+173+123
= 23.5 N.m counter-clockwise

When two members of a mechanism move relative to each other, friction occurs at the joints. The presence
of friction increases the energy requirements of a machine.
Friction at the bearing is taken into account by drawing friction circles and at the sliding pairs by considering

the angle of friction (Refer sections 8.13 and 8.14).

Example 12.13 In a jfourlink mechanism

ABCD,
AB=350mm, AD=700mm
BC=500mm, DE=150mm

LDAB = 60° (4D is the fixed
e

A force of 35 N (F,) acts at E on link DC as
shown in Fig. 12.27a. Determine the force on the
link AB required at the midpoint in the direction
shown in the diagram for the static equilibrium
of the mechanism. The coefficient of friction is
i).4 for each revolving pair. Assume impending
motion of AB to bhe counter-clockwise. The
radius of each journal is 50 mm.

Also, find the torgue on AB for its impending
clockwise motion. (A very high value of
coefficient of friction has been assumed to obtain
a clear diagram).

Solution Radius of friction circle at each joint = pr
= 0.4 x 50 = 20 mm.

For the counter-ciockwise rotation of iink A8, DC
also rotates counter-clockwise; Z4BC is deceasing
and ZBCD increasing.

Initially, neglect the friction at the joumnal
bearings and find the directions of different forces
by finding points of concurrency and drawing force
triangles (not shown in the diagram),

Considering the link 3, at its end C, ZBCD is
increasing and thus it rotates clockwise relative
to the link 4. Therefore, F,;; must form a counter-
clockwise friction couple. At the end B, ZA4BC is
decreasing and thus rotates clockwise relative to the
link 2. Therefore, Fy; forms a counter-clockwise
friction couple. The friction axis for the coupler BC
is the common tangent to the two friction circles.




Now, consider the link 4. The line of action of the
force Fa, will be opposite to that of F,; Intersection
of this line with the line of action of F, gives the
point of concurrency ( for the forces acting on the
link 4. As the link 4 rotates counter-clockwisc. the
tangent to the friction circle at 2 drawn from point O
is such that a clockwise friction couple is obtained.

By drawing a force triangle for the forces acting
on link 4 (F, is completely known), F., is obtained.

Fy=Fu=Fy=Fy,

The point of concurrency for the forces acting on
the fink 2 is at O" which is the intersection of F5, and
F,. As the link | rotates counter-clockwise, draw a
tangent to the friction circle at 4 from ¥ such that a
¢clockwise friction couple is obtained.

Draw a force diagram for the forces acting on
the link 2 (F; is completely known) and obtain the
value of F,.

F,=203N

When the motion of 4B is clockwise, DC also
moves clockwise. For the equilibrium of’ the link 4,
the friction couples at D and C are to be counter-
clockwise. For the equilibrium of the link 2. friction
couples at 4 and B are also to be counter-clockwise.
Obtain Fy, in the manner discussed above and
shown in Fig. 12.27(b) F; will be equal, parallel
and opposite to F;s.

Ty=F;,xh=8.6x208="1789 N.mm
or  1783N.m

Example 12,14 Find the minimum value of
Jorce F; to be applied for
the static egquilibrium of the
. Jollower of Example 12.2 if
the friction is also considered of the sliding
bearings at B and C. Assume the coefficient
of friction as 0.15. Ignore the thickness of the
Jollower,

Solution When a force analysis with friction is to
be made, it is always convenient to seek a rough
solution of the problem first without friction. This
may be obtained by drawing freeband sketches. The
purpose is to know the direction-sense of the normal
reactions at B and C as these have to be combined
with the friction forces at the sliders. Adopting the

Static Force Analysis

procedure of Example 12.2, the forces F; and F, at
the bearings are found to be towards right.

As the force F. required for the static equilibrium
is to be the least, i.e., any force smaller than that
will make the follower move down due to the
applied force. Thus, the impending motion of the
follower is downwards. (If it is desired to have the
maximum force for the static equilibrium, any force
greater than that will make the follower move up
and the impending motion of the follower will be
upwards). _

Now, as the impending motion of the follower is
downwards, the friction forces at the bearings are
upwards. Combining these forces with the reaction
forces which are towards right, the lines of action of
both the forces Fy and F, are tilted through an angle
& given by

g =015
or tan ¢ = 0.15
or ¢d = 8.5¢

On knowing the new lines of action of F; and
F, [Fig. 12.28(a)], the exact solution can be easily
obtained as before [Fig. 12.28(b}). The values
obtained are

Magnitude of F,= 145N

Magnitude of F,=355N

Magnitude of F;=51N

Example 12.15 For the static equilibrium of
the quick-return mechanism
shown in Fig. 12.29a, find
the maximum input torgue T,
required for a force of 300 N on the slider D.
Angle 8 is 105°. Coefficient of friction u = 0.15
for each sliding pair.
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Solution As mentioned in the previous example,
to analyse a problem with friction, it is always
convenient to seek a rough solution of the problem
first without friction which may be obtained by
drawing freehand sketches. This is needed to know
the direction-sense of the normal reactions at the two
sliders which are to be combined with the friction
forces.

As the terque required for the static equilibrium
is to be the maximum, i.e., any torque more than
that will make the slider at D move left. Thus, the
impending motion of the slider D is to the left.

Now,

p =015 or
or ¢=85°

Solving the problem first without friction,

tan ¢=0.15

Slider at D or the link 6 is a three-force member.
Lines ol action of the forces are

= F, asgiven

e F aleng CD, as link 5 is a two-force

member

¢ F, normal reaction, perpendicular to slider

motion

Draw the force diagram and determine the
direction sense of forces Fy and F,; from it (the
diagrams may not be to scale). From the force Fog,
the directions of forces Fy;, Fas and Fyy are known.
Now link 3 is a three-force member. Lines of action
of the forces are

* F;;. known completely through C

» F,; perpendicular to slider motion through B

» F;, unknown through 4.

As the lines of action of forces acting through 2
and C are known, the line of action of F; through
A must also pass through the point of intersection of
the other two forces. Find the sense of the direction
of force Fy; by drawing the force triangle.

After obtaining the sense of direction of the
normal forces F (upwards) and F, (towards left),
solve the problem by considering the force of friction
also. Now the diagrams must be to the scale.

The force of friction at the slider D is towards
right as the impending motion of the slider is towards
the lefi. Combining this force with the normal force
F ¢ it 1 tilted towards left as shown in the figure.
Now draw the force triangle by modifying the line
of action of force F|4. Repeat the above procedure
and obtain magnitude as well the direction of the
force Fs,.

The motion of the slider 4 on the link 3 is upwards
for impending motion of the slider D towards left.
It implies that the motion of the link 3 relative to
the link 4 is downwards. Thus, force of friction on
the link 3 is upwards (on slider it is downwards).
Combining this with the normal force F,;, which is
towards left, the force Fy, is tilted through an angle
¢ as shown in the figure. Now again draw the force
triangle with the modified direction of the force F 4
for the forces on the link 3 and obtain the magnitude
of this force also.

Now,

Fyy= Fy



As the slider B is a two-force member with forces
F,, and F4;. Therefore,

Fy=Fy=Fp=F,

Thus, as the tink 2 is acted upon by two forces
and a torque,

T=Fpxh=437x 147 = 64240 N.m
= 64.24 N.m counter-clockwise

Examp!e 12,16 Solve Example 8.28 wusing
graphical  method.  Tuke
coefficient of friction jor the
Jfournals as 04 instead of
0.05. (A fictitious high value of coefficient
of friction is taken so that friction circles of
reasonable dinmeter may be drawn on a smaller
scale).

@

l.o.a. = Line of action

LFig. 1230

1. Apairof action and reaction forces which constrain
two connected bodies to behave in a particular
manner are known as constraint forces whereas
forces acting from outside on a system of bodies
are called applied forces.

2. A member under the action of two forces will
be in equilibrium if the forces are of the same

Summary

Static Farce Annlysis %g

Solution Figure 12.30(a) shows the solution of
the problem neglecting the friction. From the force
triangle for the forces on the slider,
Fy=22500N
Now,
Fau=—t;=Fp=Fy
T =Fuxh=22500x0.261
= 5872.5 N.m clockwise
When friction is considered [Fig.12.30(b)],

Radius of friction circle at O = 0.4 x % =28 mm

Radius of friction circle at A = 0.4 % % =24 mm

80
Radius of friction circle at 8 =04 x Y =16 mm

As the crank moves counter-clockwise, £0AB
decreases. AR rotates clockwise relative to OA. Thus,
tangent at A is to be such that a counter-clockwise
friction couple is obtained,

At 8, ZOBA is increasing. Therefore, BA rotates
clockwise relative to the piston, Thus, the tangent to
the friction circle is to be such that it gives a counter-
clockwise friction couple.

For the sliding pair, ¢ = tan~ 00.7 = 4°

The point of intersection of Fy, and F gives the
point of concurrency for the forces on the slider.
Force F,,, i.e., the reaction of the guide, is inclined
to the perpendicular to thg slider path, and passes
through the point of concurrency.

By drawing a force triangle for the forces acting
on the slider, F,; is obtained.

The force at A is equal, parallel and opposite
to F;; and tangent to the friction circle such that a
clockwise friction couple is obtained.

T'=F;,xh’=22200x0.202=4484 N.mclockwise

magnitude, act aleng the same line and are in
opposite directions.

3. A member under the action of three forces will be
in equilibrium if the resultant of the forces is zero
and the lines of action of the forces intersect at a
point, known as the point of concurrency.
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A member under the action of two forces and
an applied torque is in equilibrium if the forces
are equal in magnitude, parallel in direction and
opposite in sense and the forces form a couple
which is equal and opposite to the applied torque.
The force exerted by the member i an the member
/is represented by F ;.

A free-body diagram is a sketch or diagram of a part
isolated from the mechanism in order to determine
the nature of forces acting on it.

in linear systems, if a number of lcads act on a
system of forces, the net effect is equal to the
superposition of the effects of the individual loads
taken one at a time. A linear system is one in which

. What do you mean by applied and constraint

forces? Explain.

. What are conditions for a body to be in equilibrium

under the acticn of two farces, three forces and
two forces and a torque?

. Whatare free-body diagrams of amechanism? How

are they helpful in finding the various forces acting
on the various members of the mechanism?

. Define and explain the superposition theorem as

applicable to a system of forces acting on amechanism.

. What is the principle of virtual work? Expiain.
. How is the friction at the bearings and at sliding

pairs of @ mechanism is taken intc account?

The dimensions of a four-iink mechanism are:
AE = oo mm, BC = 6oo mm, (D = 500 mm, AD =
goo mm, and ZDAB = 60°. AD is the fixed link. Eis
a point on the fink BC such that BE = 400 mm and
CE =300 mm (BEC clockwise)

A force of 150 Z45° N acts on DC at a distance of
a50 mm from D. Another force of magnitude 100
Z180" N acts at point £. Find the required input
torque on the link A8 for static equilibrium of the
mechanism. {4.6 N.m clockwise)
Determine the required input torque on the
crank of a slider-crank mechanism for the static
equilibrium when the applied piston load is
1500 N.Thelengths of the crank and the connecting
rod are 40 mm and 100 mm respectively and the
crank has turned through 45° from the inner-dead
centre. {55 N.m)
Find the torque required to be applied to link AB
of the linkage shown in Fig. 12.31 to maintain the
static equilibrium. (8.85 N.m)

Exercises

the output force is directly proportional to the
input force, i.e., in mechanisms in which coulomb
or dry friction is neglected.

8. The principle of virtual {imaginary) work can
be stated as ‘the work done during a virtual
displacement from the equilibrium is equal to
zero’. Yirtval displacement may be defined as
an imaginary infinitesimal displacement of the
system. By applying this principle, an entire
mechanism is examined as a whole and there is no
need of dividing it into free bodies.

9. Friction at the bearing is taken into account by
drawing friction circles and at the sliding pairs by
considering the angle of friction.

{mm}

B ]

#Fig. 11.3%¢
10. Determine the torque required to be applied to the
link OA for the static equilibrium of the mechanism
shown in Fig. 12.32. (30.42 N.m)

200N
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11. For the mechanism shown in Fig. 12.33, find the
required input torque for the static equilibrium.
The lengths OA and AB are 250 mm and 65¢ mm
respectively. F= 500 N. {68 N.m clockwise}

14. A two-cylinder engine shown in Fig. 12.36 is in
static equitibrium. The dimensions are OA = OB =
somm, AL = BD = 200 mm, ZAQB = 90", Determine
the torque on the crank OAB.

{106 N.m clackwise)

12. For the static equilibrivm of the mechanism of
Fig. 12.34, find the reguired input torque. The
dimensions are
AB = 150 mm, BC = AD = 500 mm, DC = 300 mm,
CE =100 mm and £F = 450 mm. 1000 N

{45.5 N.m clockwise)

13. Determine the torque to be applied to the link AB
of a four link mechanism shown in Fig. 12.35 to
maintain static equilibrium at the given position.

: (44 N.m)



Introduction

Dynamic forces are associated with accelerating masses. As all mach:nes have some accelerating parts, dynamic forces
are always present when the machines operate. in sitvations where dynarmic forces are dominant or comparable with
magnitudes of external forces and operating speeds are high, dynamic analysis has to be carried out. For example,
in case of rotors which rotate at speeds more than 8o oco rpm, even the slightest eccentricity of the centre of mass
from the axis of rotation produces very high dynamic forces. This may lead to vibrations, wear, noise or even machine
failure.

%' D’ALEMBERT’S PRINCIPLE

e .

D’Alembent’s principle states that the inertia forces and couples, and the externa} forces and torques on a
body together give statical equilibrium.
Inertia is a property of matter by virtue of which a body resists any change in velocity.

Inertia force F; = -m £, (13.1)
where m = mass of body
f, = acceleration of centre of mass of the body

The negative sign indicates that the force acts in the opposite direction to that of the acceleration. The
force acts through the centre of mass of the body.

Similarly, ar inertia couple resists any change in the angular velocity.

Inertia couple,

C,=-1o (13.2)

H

moment of inertia about an axis passing through the centre of mass G and perpendicular
to plane of rotation of the body

where !

a = angular acceleranon of the body
Let ZF =F,, F,, F;, etc. = external forces on the body

and 2T =T, Ty, T, etc. = external torques on the body about the centre of mass G.
According to D’ Alembert’s principle, the vector sum of forces and torques (or couples) has te be zero,
Le.,

IF+F,=0 (13.3)

and
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IT+C,=0 (13.4)

These equations are similar to the equation of a body in static equilibrium, i.¢., SF=0and XT=0.

This suggests that first the magnitudes and the directions of inertia forces and couples can be determined.
after which they can be treated just like static loads on the mechanism. Thus, a dynamic analysis problem is
reduced to one requiring static analysis.

132 EQUIVALENT OFFSET INERTIA FORCE

in planc motions involving accelerations, the inzrtia force acts on a body through its centre of mass. However,
if the body is acted upon by forces such that their resultani does not pass through the centre of mass, a couple
also acts on the body. In graphical solutions, it is possible to replace inertia force and inertia couple by an
equivalent offset inertia force which can account for both. This is done by displacing the linc of action of the
inertia force from the centre of mass. The perpendicular displacement £ of the force from the centre of mass
is such that the torque se produced is equal to the inertia couple acting on the boedy,

ie. =q
or Foxh=C(

or Iz s = = (13.5)

# is taken in such a way that the force produces a moment about the centre of mass, which is opposite in sense
to the angular acceleration a.

3" DYNAMIC ANALYSIS OF FOUR-LINK MECHANISMS

For dynamic analysis of four-link mechanisms, the following procedure snay be adopted:

1. Draw the velocity and acceleration diagrams of the mechanism from the configuration diagram by
usual methods.

2. Determine the linear acceleration of the centres of masses of various links, and also the angular
accelerations of the links.

3. Calcutate the inertia forces and inertia couples from the relations F, = —mf, and C,= - [ o

4. Replace F; with equivalent offsct inertia force to take into account F;as well as €;

5. Assume equivalent offset inertia forces on the links as static forces and analyse the mechanism by any
of the methods outlined in Chapter 12.

Example 13.1  The dimensions of a four-link The mass of the links BC and CD is 4.2 kg/
mechanism are m length. The link AB has a mass of 3.54 kg,
AB = 500 mm, BC = 660 the centre of which lies at 200 mm from A and a
mm, CD = 560 mm and A} = momeni of inertia of 88 500 kg.mm?.
1000 mm. Neglecting gravity and friction effects,
The link AB has an angular velocity of determine the instantaneous value of the drive
10.5 rad/s counter-clockwise and an angular torgue required to be applied on AB to overcome
retardationt of 26 rad/s’ at the instant when it the inertia forces.

makes an angle of 60° with AD, the fixed link.
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46.5°--:.7

B\-e 3 "\/Gs

F3 i o
58 164

Fz
@ {a) @

b
5.25
3.4 {m/s)
ad
3.9
C
€+
£2 = 253.5°
£3 = 238°
£4 =229°
{c)

“Fig. 131

Solution Draw the configuration diagram ABCD
of the mechanism to a suitable scale [Fig.13.1(a)].
The velocity and acceleration diagrams of the same
have been shown in Figs 13.1 (b) and {c).
From the velocity diagram,
vy orab=@,, X AB=10.5x0.5=5.25 m/s
VeaOrbc=34mis and v ordc=39m/s
From the acceleration diagram,

_ (@b’ _(5.25)

o = =55.1 m/s*
AB 0.5
fl =X AB=26x%0.5= 13 m/s?
2 2
f = (be) _ B4 17.5 m/s>
BC 066
a2 2
L MU CL) PP S
DC 056
Mass of the links
m- =354 kg

iy =0.66x42=277kg
my=0.56x42=235kg
Let G,. G; and G, denote the centres of masses
of links A8, BC and CD respectively. G, lics at 200
mm from 4, and G, and G, at the midpoints of BC
and €D respectively. Locate these points in the
acceleration diagram. Measure the accelerations of
Gy. Gy and G,
Fy=22.6 m/s? £253.5°
Fy =52.0m/s? £238°
Fo =257 mis? 22227
Now find the inertia on the links. These act
through their respective centres of mass in the
directions opposite to that of accelerations.
Ky =m, /o = 80 N £73.5° (253.5° - 180°)
Fy=m;f; =144 N £58°  (238° - [80%)
Fy=mf, =60 N A42° (222° - 180°)
To determine the inertia couples, angutar
accelerations of the links are to be found.
o, = 26 rad/s? clockwise

jr 22‘ ]
o, = & = -—5 = 34.1 rad/s“counter-clock wise
CB 0.66
!
. 44‘ hal
g === 43 = 79.1 rad/s"counter-clockwise
D 056
Then € = La

However, the inertia couples can be taken
into account by replacing the inertia forces with
cquivalent offset inertia forces.

Now,

I, 88 500
ky =% = =25 000 mm-

Links 3 and 4 have uniform cross sections,
P (660)
k.; e = —

12 12

LN

= 36 300 mm?



2 2
2 E B0 26133 mm?
12 12
2
and h, = LE = &{-}O—X%g =288 mm
R 22 600
- 36300 34.1 _ 218 mm
; 52000
26 79.1
= —% =§0.4 mm
25700
Also,
¥ =200+—ﬁ§—:325 mm
“ sin13.5°
r :330——?&-: 267 mm
' sin 46.5°

o
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803
sin 60°

An inertia couple acts in a direction opposite to
that of the angular acceleration. Thus. offsets 4,, /1
and 4, are to be such that the required inertia couples
are set up. For cxample. the angular acceleration of
the link 2 is clockwise {being retardation}. Therefore,
inertia couple must be counter-clockwise. Links
2 and 3 have counter-clockwise accelerations and
Thus. the inertia couples are to be clockwise.

Now, assume equivalent offset inertia forces on
the links as static forces and solve. This has been
done in Examples 12.9 and 12.12.

The requircd input torgue 23.5 N.m  (counter-
clockwise)}

r, = 280+ =373 mm

"13.4. DYNAMIC ANALYSIS OF SLIDER-CRANK MECHANISMS S

The steps outlined for dynamic analysis of a four-link mechanism also hold good for a slider-crank mechanism
and the analysis can be carried out in exactly the same manner.
However, an analytical approach is also being described in detail in the following sections.

Figure 13.2 shows a slider-
crank mechanism in which
the crank OA rotates in
the clockwise direction. [
and r are the lengths of the
connecting rod and the crank
respectively.
Let x = displacement of
piston from inner-dead centre
At the moment when the
crank has tumed through
angle @ from the inner-dead centre,
x=88=8B0-80
=BO - (B A +40)
=+ -{fcosB+cos B
={(nr+r)—(nrcos B+ rcos )
=r[tn+1)-(ncos B+ cos B

where cos 3 = 4f1—si

n- B
2

= ’] — }._,
"—

' ‘435 VELOCITY AND ACCELERATION OF A PISTON

(taking I'r=n)
(13.6)
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n* —sin® @

!
i)

x =rl(r+D—(Vn’ -sin® @ +cos 8)]

= r((1 - cos6) + (n - Vn* —sin® 8)] (13.7)

If the connecting rod is very large as compared to the crank, #* will be large and the maximum value of
sin”8 can be unity, Then m will be approaching \/n—z or 1, and

x=r{l-cos & (13.8)

This is the expression for a simple harmonic motion, Thus. the piston executes a simple harmonic motion
when the connecting rod is large.

Velocity of Piston
,o i de db
Cdr de dr
= gg[r{(] —cost) +n--(n° - sin’ 9)“%]%

=r[(0+sin@) +0- % (n* ~sin? 8)"'2(~2sin @ cos O)]w

= rw[sin 8+ __jn_@__J

2Vr? ~sin* 9 (13.9)
If n? is large compared to sin? 6,
_ ing+ sin 26
V= ro| sin > (13.10)
sin 26
If 5,  can be neglected (when # is quite large),
v = rersin 0 (13.11)

Acceleration of Piston

o dv _ dvdb
di dbdt
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d [ [ . sin 29)}
=—r@ sin@+ o
d6 2n

[ 2cos20 J
=ra| cosf + w
2n
= rey’ [c059+ cosZB] (13.12)
n
If n is very very large,
J=ra? cos 8as in case of SHM (13.13)
1
When §=0°, i.e., at IDC, J = 1@’ [l + ;;]
. 2 1
When 8=180°, ie,at ODC, [ =rw”| -1+ -
At 8= 180°, when the direction of motion is reversed,
1
f=re? [l - —]
n (13.14)

Note that this expression of acceleration has been gbtained by differentiating the approximate expression
for the velocity. It is, usually, very cumbersome 10 differentiate the exact expression for velocity, However,
this gives satisfactory results,

R VELOCITY AND ANGULAR ACCELERAT

e

As y=Iginf=rsgin 8
sin g = 08 (n = )
]
Differentiating with respect to time,

cosﬁd—ﬁz—l-cosf?@
dt n at
ﬁ: cosf ®
dt  ncosf
or
cos B

w. =

RN~ 1315
n

where @, is the angular velocity of the connecting rod
cosf

n* —sin’ @
Let o, = angular acceleration of the connecting rod
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_do,_ do,_do
T odr de dr
= a)%[cum‘)(n2 —sin” 6)" "o

= @) [—cos@%(n:’ —sin” ) {-2sinHcosB) + (n2 —sin” 9)"""'2(~sin &)

s cos” @~ (n° —sin” 8)
= sinf T
(n” —sin” 8y

= @ sin| Tl (13.16)
(n~ —sin- @)~ ‘

The negative sign indicates thal the sense of angular acceleration of the rod is such that it tends to reduce
the angle 8. Thus, in the given case, the angular acceleration of the connecting rod is clockwise,

-~ 13.7 ENGINE FORCE ANALYSIS

An enging is acted upon by various forces such as weight of reciprocating masses and connecting rod, gas
forces, forces due to {riction and inertia forces due to acceleration and retardation of engine elements, the last
being dynamic in nature. In this section, the analysis is made of the forces neglecting the effect of the weight
and the inertia effect of the connecting rod.

(i) Piston Effort (Effective Driving Force)

The piston effort is termed as the net or effective force applied on the piston. In reciprocating engines, the
reciprocating masses accelerate during the first half of the stroke and the inertia force tends to resist the same.
Thus, the net force on the piston is decreased. During the later half of the stroke, the reciprocating masses
decelerate and the inertia force opposes this deceleration or acts in the direction of the applied gas pressure
and thus, increases the effective force on the piston.

In a vertical engine, the weight of the reciprocating masses assists the piston during the outstroke (down
stroke), thus, increasing the piston effort by an amount equal to the weight of the piston. During the instroke
{upstroke). the piston effort is decreased by the same amount.

Letl 4, = area of the cover end

A, = area of the piston rod end

P = pressure on the cover end

P, = pressure on the rod end

m = mass of the reciprocating parts

Force on the piston due (o gas pressure, £, = p 4, —p, 4, (1317
L , , 5 f cos 28 _
Inertia force, F), = mf = mirwy™ [ cos 8 + - (13.18)
. "
which is in the opposite direction to that of the acceleration of the piston.
Net (effective) foree on the piston, /= F - F, (13.19)

[n case friction resistance F,is also taken into account,

Force on the piston, £ = F, -F-F ;

In case of vertical engines, the weight of the piston or reciprocating parts also acts as force and thus
force on the piston, F'=F, +mg -, - F,
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(ii) Force (thrust) along the Connecting Rod P 0e5) Fi

Let F, = Force in the connecting rod G

{ Fig. 13.3) L f-rsin (0 + )
Then cquating the horizontal components { S :
. F—a T e i R R &

of forces, rrrrrrr o

F.oxcos B=F or F, =

cos 3

Fig. 133
(iii) Thrust on the Sides of Cylinder '8

It is the normal reaction on the cylinder walls,
F,=F.sinfi=Ftan j

(iv) Crank Effort

Foree is exerted on the crankpin as a result of the foree on the piston. Crank effort is the net effort (force) applied
at the crankpin perpendicular to the crank which gives the required turning moment on the crankshaft.
Let F, = crank effort
As
F,oxr=F_rsin{(@+ ) {refer to Fig. 13.3)

F, =F sin(6+ )

= —i—sin @+
cos B (13.20)

(v) Thrust on the Bearings

The component of £, along the crank (in the radial direction) produces a thrust on the crankshaft bearings.

F.=F cos(0+f) =

cos(0+ )

437 - TURNING MOMENT ON CRANKSHAFT

T = Fxr

!

1

£ stn{@+ )y xr
cos B

Fr .
S (sinBcos B+ cosOsin )

= Fr(si99+cosesin[i
\ cos
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-

sin @+ cos 8 -

sin 8 1

1 =
7 —sin’0

H

=Fr|sinf+ ———m=—

Also, as rsin (8+ ) = 0D cos g
T=Fxr

= mf—rsin 9+
cos B

oS

= Fx 0D

Example 13.2 A  horizontal gas engine
running at 2i0 rpm has a
bore of 220 mm and a stroke
of 440 mm. The connecting
rod is 924 mm long and the
reciprocating parts weigh 20 kg. When the
crank has turned through an angle of 30° from
the inner dead centre, the gas pressures on the
cover and the crank sides are 500 kN/m? and 60
kN/m?’ respectively. Diameter of the piston rod is
40 mm. Determine
(i) turning moment on the crank shaft
(i) thrust on the bearings
(iii) acceleration of the fivwheel which has a
mass of 8 kg and radius of gyration of 600
mnt while the power of the engine is 22 kW

Solution
r=0442=022m {-0924m
N=2{0rmpm = 20 ky
g=130°
n=1r=0924/022 =42
2rx210
o= T = 22 rad/s

in sin@  sin30® 0.119
sin f=——= -={),
n 4.2

2sin@cos@ J

) N A
2n" =sin" @

L ‘)
=Frising+ —-—ﬂuﬂ—_]

2t -sin’ 0

{Obcos B)

or B =46.837°
F,=ipAd, - pdy)

= (500 x 10° x g- x0.22°

(13.21)

{From (13.20)]

(13.22)

—60%10° x ; x (0.22° - 0,04%)

= 19007 . 2206
=16 801N

{
Inertia force, F, = mf = mre” lcos e+

=20x0.22 x (22)* [cos 30° +

=2098 N
Piston effort, F = Fp -F,
= 6801 -2098 =14 703 N

{1} Turning moment, T =

14 703

cos f§

= —5in (30° +6.837°) x 0.22

 cos6.837

= 19533 N.m
tif) Thrust on the bearings, £,

= w-fi—-cos(fi‘+[3}
cos 3

cos 28

)

cos 60°
4

sin(@+ B)xr
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|
= ﬂcos (30° +6.837%)
cos 6.837
=11852N
(iii) Accelerating torgue = Turning moment

— Resisting torque
Resisting torque can be found from
P=Tw

or 22000=Tx22

or T=1000N.m

- Accelerating torque = 1953 - 1000

or o =mk? or=953

or 8x0.67x =953

or Acceleration of flywheel, o= 330.9 rad/s?

Example 13.3  The crank and connecting rod
of a vertical petrol engine, B.D.C.
running ar 1800 rpm are 60
mm and 270 mm respectively.
The diameter of the piston is
100 mm and the mass of the reciprocating parts
is 1.2 kg. During the expansion stroke when the =
crank kas turned 20° from the top dead centre,
the gas pressure is 650 kN/m’. Determine the =3105N

(i) net force on the piston Inertia force, £, = mre” [cos 6+

(i} net load on the gudgeon pin

'Fig. 1348

Force due to gas pressure, F, = Area X Pressure

@i xp= %(O.l)z x 650 % 107

+ |

cos 28 )

n

(i_."z') thriist on the ‘cylinder walls ' . — 1.2%0.06 X (188.5)* | c0s 20° + cos 40"
(iv} speed at which the gudgeon pin load is 45
reversed in direction = 2840 N
Solution (i) Net (effective) force on the piston,
r=0.06m 1=027m F=F,—F,+mg
N'= 1800 rpm p =650 kNm? =5105 - 2840 + 1.2 x 9.81
m=12kg d=0.1m =22768 N
=200 (if) Net load on the gudgeon pin = Force in the
Refer Fig. 13.4, connecting rod
== = F 2276.8
n=1ir=027/0.06=45 _ - — 279834 N
27 x 1800 cos B 0.9971
0= &0 = 188.5 rad/s (iii) Thrust on the cylinder walls = F 1an §

— =2276.8tan4.36°=173.5 N
| = b - . .
cos B = —Vn’ —sin’ § = 15 4.5% - sin® 20° (iv) Speed at which the gudgeon pin load is
n .

reversed in direction,

~ 09971 af cos 28 )
B =4.36° F=F,—-mre” Lcos|9+ . )T:mg
. 6 . 200 | ‘ 400
(or simﬁ=ﬂ = S"; 5 =0.076 or }=4.36) 0= 5105 - 1.2 x 0.060° Lcos 20° + £ ]
" ' +1.2%9.8] 4.5
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0.079 91 &’ = 51168

w=253.04
2N =253.04
60
N=2416.3 rpm

Example 13.4  In a vertical double-acting
steam engine, the connecting
rod is 4.5 times the crank. The
weight of the reciprocating
parts is 120 kg and the stroke
of the piston is 440 mm. The engine runs at 250
rpm. If the net load on the piston due to steam
pressure is 25 kN when the crank has turned
through an angle of 120° from the top dead
centre, determine the
(i} thrust in the connecting rod
(fi) pressure on slide bars
(iii} tangential force on the cravk pin
{ivi thrust on the bearings
v} turning moment on the crankshaft.

Solution
r=044/2=022m N =250 rpm
F=25kN m =120 kg
2= 120° n=43
2mr x 250 .
m=——"=26.18 rad’s
60
. o Sin@ _sin120° - 0.1935
sin T Tas 0192
or fB=111°

. 2
Accelerating force, F, = mre (c036+
H

9 5(24( o
=120 % 0,22 x (26.18)? (cosl20° +5‘£a ) )]
=-11 058 N
Force on the piston, F= F,rmg-F,
=25000+ 120 x 9.81 — (- 11 058)

=37235N
(1) Thrust in the connecting rod.
F 37235 ,
““cosfi cosll.] —37945N

(i1) Pressurc on slide bars,
F=Ftan §=37235tn 11.1°= 7305 N
(ii) Tangential force on the crank pin

cos 29] found to be 43.5°,

F,=F. sm{8+f)
=37 945 xsin (120° + 11.1°) = 28 594 N
{(iv) Thrust on the bearings,
F.=F_cos(8+)=37945x cos
(120°+ [1.1°}=-24 944 N
{v} Tuming moment on the crankshaft
T=F xr=2854x022=6290.7N.m

Example 13.5  The crank and the connecting
rod of avertical single cylinder
gos engine running at 1800
rpm are 64 mm and 240 mm
respectivelv. The diameter of the piston is 80
mnt and the mass of the reciprocating parts is
1.2 kg. At a point during the power stroke when
the piston has moved 20 mm from the top dead
centre position, the pressure on the piston is 800
kN/m?. Determine the

(i) net force on the piston

(ii} fthrust in the connecting rod

(iii) thrust on the sides of cylinder walls

(iv) engine speed at which the above values

are zero.
Solution

r=006m {1=024m
A= 1800 rpm m=12kg
n=024/0.06=4 d=0.08m

2 300
o= RXI—— = 188.5 rad/s

60

Draw the configuration for the given position to
some scale ( Fig. 13.5) and obtain angle 8 which is

8
a’

|
Q
e
I
!
I
|
|
|
|
H
i
|
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_ sind  sin 43.5° (it} Thrust on the sides of cylinder walls,
sinf=— — =7 701721 F =Ftan B=2176tan 9.91° = 380 N
_ o (iv) The above values are zero at the speed when
or =991 : !
. the force on the piston F is zcro.
Force due to gas pressure,
F, = Area X Pressure F=F, - - (cos g4+ 29) +mg
14 i1 2 P H
= Z(dP x p=2(0.08)" x800x10" = 4021 N 05 §7°
4 4 0526 0=4{]2i—I,2x0.06w2[c0543.5”+-——]
Accclerating force, £ =mrw2(cos(3+- }
ceelerating force, £p p +12%98]
N e TV T ~
— 1.2% 0.06 X (188.5)° [cos43.5“ ¥ ﬂ} 005317 ar = 40328
4 w = 75849
= 889 N DN
(i) Force on the piston, F=F, + mg—F), S = 2754
= 4021 + 1.2 9.81 — 1889 60
=2144 N N = 2630 ipm
(ii) Thrust in the connecting rod,
- F 2144
= =———=2]76N
©ocosf cos9.91" 176
- 138 DYNAMICALLY EQUIVALENT SYSTEM
In the previous section, the expression lor the turning
moment of the crankshaft has been obtained for the net
force # on the piston. This force £ may be the gas force
with or without the consideration of incrtia force acting F
on the piston. As the mass of the connecting red is also T
significant, the inertia due to the same should also bc (@)
taken into account. As neither the mass of the connecting 5 s o
rod is uniformly distributed nor the motion 18 linear, its 5 ! = —

i
|
|
inertia cannot be found as such. Usually, the inertia of | b ,1[1 d —it
the connecting rod is taken inte account by considering a m ;
dynamicaliv-equivalent system. A dynamically equivalent
system means that the rigid link is replaced by a link with
two point masses in such a way that it has the same motion ‘Fig. 13.6' :
as the rigid link when subjected to the same foree, i.e., the '
centre of mass of the equivalent link has the same linear acccleration and the link has the same angular
accelcration.
Figure 13.6 (a) shows a rigid body of mass m with the centre of mass at G. Let it be acted upon by a force
F which produces linear acceleration fof the centre of mass as well as the angular acceleration of the body as
the force F does not pass through G.
Asweknow, F=mf and Fe -/l o

Acceleration of G, ==



}
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Angular acceleration of the body, o= T
where e = perpendicular distance of F from G
and /= moment of inertia of the body about perpendicular axis through G
Now to have the dynamically equivalent system, let the replaced massless link [Fig. 13.6(b)] has two point
masses m (at B and m, at D) at distances b and & respectively from the centre of mass @ as shown in Fig.
13.6 (b). :
L. To satisfy the first condition, as the force F is to be same, the sum of the equivalent masses m,
has to be equal to m to have the same acceleration. Thus, m = m+ m,.
2. To satisty the second condition, the numerator Fe and the denominator / must remain the same, F is
already taken same, Thus, e has to be same which means that the perpendicular distance of F from

(7 should remain same or the combined centre of mass of the cquivalent system remains at G. This is
possible if

and m,

mb = myd
To have the same moment of inertia of the equivalent system about perpendicular axis through their
conbined centre of mass G, we must have
F=mb* + myf
Thus, any distributed mass can be replaced by two point masses 1o have the same dynamical properties if
the following conditions are fulfilled:

(i) The sum of the two masses is equal 1o the total mass.
(i) The combined centre of mass coincides with that of the rod.

(i) The moment of inertia of two point masses about the perpendicular axis through their combined
centre of mass is equal to that of the rod.

439 INERTIA OF THE CONNECTING ROD

Let the connecting rod be replaced by an equivalent massless link with two point masses as shown in

Fig. 13.7. Let m be the total mass of the connecting rod and one of the masses be located at the small end B,
Lct the second mass be placed at D and

m, = mass at B

m;= mass af )

Take, BG = b and NG = d « I —
Then a8 G _ A
‘ © " %

Myt g =m O b {I‘ . r

a I

From (1) and (ii) 5 Gi 5 .

+( b] @ : (0 ol
M m — [=m
5 57 |« b r— d —] Mg
My ; My
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bh+d
ot mb d =m
weo=md
o b b+d
Similarty,
ol
4T b d
Also, I =mb? + my
:mi-bz+m—b-dz
b+d h+d
h+d
= mbd - (13.23)

Let & = radius of gyration of the connecting rod about an axis through the centre of mass G perpendicular
to the plane of motion.

Then mk? = mhd
or K = bd (13.24)

This result can be compared with that of an equivalent length of a simple pendulum in the following
manner;
The equivalent length of a simple pendulum is given by

2 2 -
L=%+b=d+b (%zd]
where 4 is the distance of the point of suspension from the centre of mass of the body and & is the radius of
gyration, Thus, in the present case, d + b (= L) is the equivalent length if the rod is suspended from the point
B, and I} is the centre of oscillation or percussion.

However, in the analysis of the connecting rod, it is much more convenient if the two point masses are
considered to be located at the centre of the two end bearings, i.e., at 4 and B,

Letm,=mass at 4, distarce 4G =a

Then m,tm,=m
- b b
m, =m =m—
a+b / {{ = length of rod)
a a
mb:m = -
a+h !
I = mab

Assuming a>d, I'>]
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This means that by considering the two masses at 4 and B wistead of at D and B, the inertia torque is
increased from the actual value (7 = fer.). The error is corrected by incorporating a correction couple.
Then,
correction couple, AT = . fmab  mbd)
= mbo. (a—d)
= mba [fa + by — (b~ d)]
= mba, (I L) {laking & + o = L) {13.25)
This correction couple must be applied 10 the //,\
apposite direction to that of the applied inertia
torque. As the direction of the applied ineria  ,__—
torque is always opposite to the direction of \

the angular acceleration, the direction of the %
correction couple will be the same as that of 8 -—1B AT {

R i K ) K .@-:“_...‘_.._..-.. S e — e -
angular acceleration, i.e., in the direction of the 7 ;
decreasing angle S T .

The correction couple will be produced by two ¥
equal, parallet and opposite forces / acting at Fy Fy
the gudgen pin and crankpin ends perpendicular ; |
to the line of stroke (Fig. 13.8). The force at 8 is cos B 08 9|

taken by the reaction of guides. .
Tuming mement at crankshaft due to force at  Fig. 13.8°
A or correction torque,
T =F.xrcos @

= X F oS 0 (AT = F lcos )
fcos B .

_ AT cosé
{{/rycos B

AT — cosg

nl\mz —4in" 8

"

cos &

= AT (13.26)
V¥n —sin @

This correction torque is to be deducted from the inertia torque acting on the crankshaft.
Also, due to the weight of the mass at A, a torque is exerted on the crankshaft which 1s given by

T,=tmygrcos 8 (13.27)

In case of vertical engines. a torque is also exerted on the crankshaft due to the weight of mass at 8 and
the expression will be similar to Eq. {13.21), i.e..

T, = (mgYr sin9+-iln7291 (13.28)

2y —sin“ 8@

The net torque or turning moment on the crankshatt wili be the algebraic sum ot the

(1} turning mament due to the force of gas pressure ()

(i1} inertia torque duc to the nertia force at the piston as a result of inertia of the reciprocating mass
including the mass of the portion of the connecting red (7))
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(iti) inertia torque due to the weight (force) of the mass at the crank pin which is the portion of the mass
of the connecting rod taken at the crank pin (7).

(iv) inertia torque due to the correction couple (T

(v} turning moment due to the weight {force) of the piston in case of vertical engines

Usually, it is convenient to combine the forces at the piston occurring in (ii) and (v).

' 1310 INERTIA FORCE IN RECIPROCATING ENGINES (GRAPHICAL METHOD) '

The inertia forces in reciprocating
engincs can be oblained graphically
as follows (Fig. 13.9).

l. Draw the  acceleration
diagram by Klein's
construction {refer Section
3.8). Remember that the
acceleration diagram s
turned through [80° from
the actual diagram and
therefore, the directions of
accelerations are towards
[Fig.13.9(a}).

2. Replace the mass of
the connecting rod by a
dynamically equivalent
system of two masses. If
onc mass is placed at B,
the ather will be at D given (a)
by d = k'/b, where k is the
radius of gyration and & and
d are the distances of the
centre of mass from 8 and Fi &
D respectively.

Pomt [} can also be
obtained graphically. Draw ‘F_\ﬁ F
GE 1 ABatGandtake GE = "ow b
k. Make £ZBED=9%0°, and
obtain the point D on A8, -

3. Obtain the accelerations of -Fig. 13.8 .
points & and D from the
acceleration diagram by locating the points ¢, and o, on 45, which represents the total acceleration
of the connecting rod.

As Ad\/AD and Ag,/AG are equal to Ah /4B, Dd, and Gg, can be drawn parallel to OB, Thus, &,0
and g, 0 represent accelerations of pomts O and & respectively.

4. The acceleration of the mass at B is along B} and in the direction 8 to O. Therefore, the inertia force
due to this mass acls in the opposite dircction,

Fa

b
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5. The acceleration of the mass at D is parallel 1o 4,0 and in the direction | to O, therefore, the inertia
force due to this mass acts in the opposite direction through 0. Draw a line paraliel to Od, through D
to represent the direction of the inertia force.

Let the lines of action of the two inertia forces due to masses at B and D meet at L. Then the resultant of
the forces which is the total inertia force of the connecting rod and is parallel to Og, must also pass through
the point L, Therefore, draw a line parallel to Og, through L to represent the direction of the inertia force of
the connecting rod.

Now, the connecting rod is under the action of the following forces:

Inertia force of reciprocating part F,, along OB

The reaction of the guide F,, (magnitude and direction sense unknown)

Inertia force of the connecting rod F,

The weight of the connecting rod W (= myg)

Tangential force F, at the crank pin (to be found)

Radial force F, at the crank pin along O4 (magnitude and direction sense unknown}.

Produce the lings of action of F;and F, to meet at /, the instantaneous centre of the connecting rod. Draw
1P and JQ perpendicular to the lings of action of F; and the weight W respectively.

For the equilibrium of the connecting rod, taking moments about /,

F.XIA=F,xIB+F, xIP + mgx IQ (13.29)

Obtain the value of F, from it and draw the foree polygon to find the magnitudes and directions of forces
F, and F, {Fig. 13.9(b)].

In the above equation, F, is the force required for the static equilibrium of the mechanism or it is the force
required at the crank pin to overcome the inertia of the reciprocating parts and of the connecting rod. If it
indicates a clockwise torque, then

Inertia torque on the crankshaft = £, x 4 counter-clockwise

Example 13.6 The jfollowing data relate
to the comnecting rod of a

reciprocating engine:
Mass = 50kg
Distance between bearing centres = 900 mm
Diameter of big end bearing = 100 mm
Diameter of small end bearing = 80 mm
Time of oscillation when the connecting rod iy
suspended from
bigend=17¢s
small end = 1 85 s
Determine the '
(i) radius of gyration k of the rod about an
axis through centre of mass perpendicular

to the plane of ascillation,

(i) moment of inertia of the rod about the
same axis, and

{iff) dynamically equivalent system of the
connecting rod comprising two masses,
one at the small end-bearing centre.




Solutipnn Refer Fig, 13.10.
Let L, = length of equivalent simple pendulum
when suspended from the top of the big end bearing
Ly = length of equivalent simple pendulum
when suspended from the top of the small
end bearing
a = distance of the centre of mass G from top
of big-end bearing
b = distance of the centre of mass G from top
of small-end bearing

B L,

t,=2r |— and 1, = ZRJi
g g
L L

or L7=2x /-2 and 185=2m |2
g 9.81

or L, =07181m and L,=0.8505m

2 bl

k-
or a+k—:0.7181 and b+?=0'85[}5

a
or K =0.718la-a’=0.8505b- 4 (1)
But a+b:900+?+%:990m=0.99m
a=099-5
- (i) becomes 0.7181(0.99 — 5) — (0.99 — »)’
= 85055 — b’
or  (.7109 - 0.71815— (0.9801 + 52 - 1.98h)
= 85056 — b’
or 0.41i56=0.2692
or &6=0.654m

a=0.99-0.654=0336m
K =0.8505 x 0.654 — (0.654)* = 0.1286
or k=0358m
MOI, I = mk® = 50 x (0.358) = 6.4 kg.m’
The distance of centre of mass of the connecting
rod from the centre of the small end bearing,
b =654 - (80/2) =614 mm
Let the second mass be placed at D.
Take GD = dand m ;= mass at D

Then
2
d= k—- = 0.1285 =0.209 m
b 0614
m, = mxb  50x0.614 373 kg

b +d  0.614+0209
my =50-37.3=12.7 kg

(7', = rnass at the small end-bearing centre)
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Example 13.7 The following data relate to
a horizontal reciprocating
engine:

Mass of reciprocating parts = 120 kg

Crank length = 90 mm
Engine speed = 600 rpm
Connecting rod:

Mass = 90 kg
Length berween centres = 450 mm
Distance of centre of mass

Jfrom big end centre = [80 mm
Radius of gyration about an

axis through cenfre of mass = 150 mm

Find the magnitude and the direction of the
inertia torque on the crankshaft when the crank
has turned 30° from the inner-dead centre.

Solution 1tis required te find the inertia torque, or
turning moment, on the crankshaft due to the inertia
of the piston as well as of the connecting rod. This
can be obtained by analytical or graphical methods.

Analytical Method
ol
- 2aN - 2m X 600 — 62 8 rad/s
60 60

Divide the mass of the connecting rod into two
parts (Refer Fig. 13.11).

“Fig. 1311
Mass at crank pin,

m, =90x[w]=54 kg
450

Mass at gudgeon pin, m;,= 90— 54 =36 kg

Total mass of reciprocating parts, m = 120 + 36
=156 kg

Agceleration of the reciprocating parts,
cos 29)

H

1 =mro’ (cos a+
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As 8 is less than 90°, it is towards the right and
Thus, the inertia force is towards left.

cos 28 ]

Inertia force, F, = mf = nre* (cos 6+
H

2 60°
=156 x 0,09 x (62.8)° [cos3ﬂ° p 22 )
=53490N
Inertia torque due to reciprocating parts

sin 28

—= [Eq.{13.21)]
2yn* —s5in” @

sin 60°
24(5)° —sin® 30°
= 2826 N.m

(counter-clockwise as inertia force is towards left)
Correction couple duc o assumed second mass
of connecting rod at 4,
AT =mab(i- L)
where b =450 - 180 =270 mm
!=450 mm

2 15032
and L=h+-%— = 270+&

T, = Fr[sin 6+

=53490x 0‘09[sin 30°+

[Eq. (13.25)]

=3533mm

3. Hz—l
Q. = -0 sinf| —————
(n* —sin~ @) °

} [Eq. (13.16)]

5 -
= -(62.8)" sin30°| ————— : =
{25 —sin” 30°)" -
= -384.7 rad/s? '
oo AT =90 X (=384.7) X 0.27 x {0.45 — 0.3533)
=.903.97 N.m

The direction of the correction couple will be
the same as that of angular acceleration, i.e., in the
direction of the decreasing angle f as discussed in
Section 13.9. Thus, it is clockwise.

correction torque on the crankshalt,

cos 8
Vn? —sin’ 8
=_-903.97 % __cos30®
V25 —sin? 30°
=-157.4 N.m

Correction torque is to be deducted from the
inertia torque on the crankshaft or as the force F,

}:_:AT

due to AT (which is clockwise) is towards left of
the crankshaft, the correction torque is counter-
clockwise.
Torque due to weight of mass at A4,
T, =(mgyrcos @
=34 x 9.81 x 0.09 x cos 30°
=41.3 N.m counter-clockwise
. total inertia torque on the crankshaft
=T,-T.+T,
2820 - (-157.4)+ 413
= 3024.7 N. m counter-clockwise

Graphical Method

Draw the cenfiguration diagram QAR of the engine
mechanisin to a convenient scale (Fig. 13.12) and
its velocity and acceleration diagrams by Klein's
construction (refer Section 13.10).

v, = wr=628x0.0%=5.65 m/s

Jo= 0y = (62.8)° x 0.09 = 355 m/s?
Locaie points b and g, in the acceleration diagram
to find the aceelerations of points & and G. Measure
&0 and g,0. As the length OA4 in the diagram



represents the acceleration of 4 relative to O, i.e,
355 mv/s?, therefore, f;, can be obtained from

length /O
= 385 X ——
Fy length OA
Itis found to be f, = 343.2 m/s®
Similarly, fo= 345 m/s?

Fy=myxf,=120x343.2=41186 N
Fi=mxf, =90 %345 = 31050 N
Complete the diagram of Fig. 13.12(u) as
discussed in Section 13.10. Taking moments about /,
FxIA = FyxIB+F,xIP+mgx I
F,x 515 = 41 186 x 300 +31 050 x 152 + 90
x 981 x 268
F, = 336155 N.m
T = Fxr=336155x0.9=30254N.m
Instead of taking moments about the I-centre,
the principle of virtua} work can also be applicd to
obtain the torque as follows:

On the velocity diagram [Fig. 13.12(b}], locate
the points b, # and g corresponding to B, H and G
respectively and take the components of velocities
in the directions of forces F), F; and mg. In Klein’s
construction, the velocity diagram in turned through
90°. Then

Tx = F X v, + F,Xv, TmgXv,

Tx628=41186x3.29+31050x1.674 9 x

981 x 294

T=2157.6+8257+413

=3024.6 N.m

[fitisdesired tofind the resultant force onthe crank,
complete the force diagramas shown in Fig. 13.12(c}.

Resuliant force on the crank pin, R=70000 N at 0°

Example 13.8

The connecting rod of a
vertical reciprocating engine
is 2 m long between cenires
and weighs 250 kg. The mass
centre is 800 mm from the big
end bearing. When suspended as a pendulum. .
from the gudgeon pin axis, it makes 8 complete
oscillations in 22 seconds. Calculate the radius
of gyration of the rod about an axis through
its mass centre. The crank is 400 mm long and
rotates at 200 rpm. Find the inertia torque
exerted on the crankshaft when the crank has
turned through 40° from the top dead centre and
the piston is moving downwards.
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Solution

Analytical method
Divide the mass of the rod into two parts (Fig.
13.13),

Mass at the crank pin,

m, =250 x =150 kg

Mass at the gudgeon pin,
m,=250-150=100 kg

F = mre’ [cosﬂ + cos 29]
H
2 o
=100x 0.4 x (M) [cos 407 + cos 80 J
o0 2/04

=100x0.4x438.6%x0.8

=14 049 N

As it is a vertical engine, the weight (force} of the
portion of the connecting rod at the piston pin also
can be combined with this force, i.e.,

Net force = 14 049 — {00 x 9.81 = 13 068 N

(upwards)
T, = Fr[sin 9+~—Sﬂ—]
2n? -sin’ @
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_ 13068xo.4(sin400+r—5”‘_~80:__]
l 2825 —sm” 40°
= 13068 x 0.4 x 0.7421

= 3879.1 N.m counter-clockwise.
We have,

-

b+— =1L

where #=2.0-0.8= 1.2 mand £ can be found
from

5
t=2r £ or 2—“:‘231' —L—
o 8 9.81
or L=188m
2
12+L:1 88
. 1.2
or  k*=0.816
or k=0.903
or  radius of gyration = 903 mm

1 ]
O!(. =—® sinf ‘2—”'71?
{(n° —sin”~ Gy~

= —438.65in 40° [*__QS;I__?J
(25— sin- 40°)""*
=-55.5 rad’s?
AT=mob{l- L)
=250 1 (-55.5) x 1.2 x (2.0 - 1.88)
=- 1998 N.m
The direction of the correction couple will be
in the direction of decreasing angle £ as discussed
earlicr, Thus, it is clockwise.
The correction torque on the crankshaft,
cos B

Vi~ —sin® 6

cos 40P
ﬂ . T
V25— sin” 40°

=—308.7 N.m

Correction torque is to be deducted from the
mertia torque on the crankshafi or as the force #
due to AT (which is clockwise) is towards left on
the upper side of crankshaft, the correction torque is
counter-clockwise.

T.=AT

=-1998 x

Torque due to weight of mass at 4,
T,=mgrsing

= 150 % 9.81 x 0.4 sin 40°

= 378.3 N.m clockwise

Total inertia torque on crankshaft = 7, - 7. + T,
=3879.1 - (- 308.7)-378.3

=3809.5 N.m

Graphical Method

[raw the configuration diagram OARB of the
engine mechanism to a convenient scale (Fig.
13.14) and its velocity and acceleration diagrams by
Klein’s construction (refer Section 3.8).

_2zN _ Imx200

YT T e

= @’r =(20.94) x 0.4 = 175.4 m/s*

Complete the diagram of Fig. 13.14 as discussed
in Section 13.10. Locate points 5, and g, in the
acceleration diagram to find the accelerations of
points B and G. Measure & 0 and g, 0. As the length
04 in the diagram represents the acceleration of 4
relative to O, i.e., 175.4 m/s?, therefore, £, can be
obtained from

= 20.94 rad/s

length HO
= ]7 3 o .
Ay TS O
It is found to be J>=143.8 mss?

Similarly, So= 1534 m/s?



However, in this problem as the mass of the
reciprocating parts is not given, inertia force due to
the same is not to be calculated and Thus. /, is not
required.

Now, F;j=mx f,=250x153.4=38 350 N

Taking moments about /,

FoxId=FxIP—mgxiQ
F,x260.9=38350x76.2- 250x9.81 x 1706
F,= 9546 N.m
T=Fxr=9546x04=38]18 N.m

For Example 13.8, determine

the turning moment on the

crankshaft if the bore of the

cylinder is 700 mm and the

gas pressure is 600 kN/m'.

~Also, consider the mass of the piston which is
120 kg.

Example 13.9

Solution Total reciprocating mass at B =100 + 120
=220 kg
Force due to reciprocating mass,
2 a
F=220x(}4x (-——ZE x 200] [cos 40° + E-%—ag—]
60 2/04
=220 x 0.4 x438.6 x 0.8
=30877N
Net force on the piston = 30 877 — 100 x 9.8] =
29896 N
Inertia torque

sin 80°
=29 896 x0.4| 5in 40° + ————ee—
[ 2425 — sin? 40° J
=20 %96 x (.4 x 0.7421
= 88743 N.m

Net inertia torque on crankshaft
=8874.3—-(-308.7)-378.3=8804.7TN.m=R8.8047

Now area of the cylinder bore = %(0-7)2
=.384 85 m?
Gas force = 0.384 85 x 600 = 230.9 kN
Turning moment = 230.9 X 0.4 x 0.742]
= 68.54 N.m
Therefore, tuming moment avaitable at the crank
shaft = 68.54 — 8.8047
=59.735 kN.m

IE
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Example 13.10 The pision diameter of an
internal combustion engine
is 125 mm and the stroke is
220 mm. The connecting rod is
4.5 times the crank length and
has a mass of 50 kg. The mass of the reciprocating
partsis 30kg. The centre of mass af the connecting
rod is 170 mm from the crank-pin centre and the
radius of gyration about an axis through. the
centre of mass is 148 mm. The engine runs at
320 rpm. Find the magnitude and the divection
of the inertia force and the corresponding torque
on the crankshaft when the angle turned by
the crank is 140° from the inner dead centre.

Solution
Analytical Method

F=2202=110mm  N=320rpm

d=125mm I=110x4.5=495 mm
SrN 72 3
p= TN 230 n s s
60) 60

c D

‘Fig. 1315

Divide the mass of the connecting rod into two
parts (refer Fig. 13.15).
Mass at crank pin, m, = 50 % [M]
495
=3283 ke
Mass at gudgeon pin, m,,= 50 -32.83 =17.17 kg
“Total mass of teciprocating parts, m =30+ 17.17
=47.17kg
Acceleration ol the reciprocating parts,
cos 20 ]
H
As @ is morc than 90°, it is negative or towards
left and thus, the inerhia force is towards right.

f=nmrw’ [cos 2+

3 cos 26
[ncrtia force, £, = mf = mro” (c056‘+ ]
H
3 s 280°
= 47.17x 0.1 1x (33.5Y (cosl40°+~cmT]

=—-4236N
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Inertia torque due to reciprocating parts
sin 20

5

T =Fr{sin8+
24/n’ —sin’ @

] [Eq. (13.21)]

H =]
— 4236 x0.11| sin 140° + sin 280
24/(4.5)> - sin? 140°
=-248 N.m
(clockwise as inertia force is towards left)
Correction couple due to assumed second mass
of connecting rod at 4,

AT =ma b(l - L) fEq. (13.25)]

where b =495-170= 325 mm
=495 mm
k* (148)"

and L=b+—=325+—"—=324mm
h 325

bl HZ -1
o, =—w" sin @ . 2377
{r’ —sin® 8)*'?

{Eq. (13.16)]

= —(33.5)% sin 140° 4'5ﬂ ! ,_
(4.5—sin” 140°)° 2
=-157.17 rad/s’
S AT=50x(-157.17) % 0.325 % (0.495 - 0.3924)
=-262.04 N.m
The direction of the correction couple will be
the same as that of the angular acceleration, i.e., in
the direction of decreasing angle § as discussed in
Section 13.6, Thus, it is clockwise.
cotrection torque on the crankshaft,
T _ AT cost}
‘ n® —sin’ 8
cos 140°

4,57 —gin® 140°

=-262.04 x

=45.07N.m
The correction torque is to be deducted from the
inertia torque on the crankshaft or as the force F,

due to AT (which is clockwise) is towards right of

the crankshaft, the correction torque is clockwise.
Torque due to weight of mass at A,
T, ={mg)rcos B
=32.83 x9.8] x0.11 x cos 140°
=—27.14 N.m counter-clockwise
- totalinertiatorque onthe crankshaft=7,—7 + T
=-248 -45.07-27.14
= 320.2 clockwise

Graphical Method

Draw the configuration diagram 048 of the engine
mechanism to a convenient scale {Fig. 13.16) and
its velocity and acceleration diagrams by Klein’s
construction.

_2aN _ 2mx 320
60 60
v,= @r=335x0.11 =3.685 m/s

fo= 0P = (3357 x 0.11 = 123.4 m/s?
l.ocate points b, and g, in the acceleration diagram
to find the accelerations of points B and G. Measure

5,0 and g0. As the length OA in the diagram

represents the acceleration of 4 relative to O, i.e.,

123.4 m/s’, therefore, f, can be obtained from

o) =33.5 rad’s

. bhOo
= 1234x—
Jy OA
Itis tound to be £, = 89.6 m/s?
Similarly, Se=106.7 m/s?

Fy=myxf,=30%89.6=2688N
Femxf,=50x106.7=5335N
Complete the diagram of Fig. 13,16 as discusscd
in Section 13.10. Taking moments about /,
FxI4=FxIB+F,xIP+mgxIQ
Fx0.64 =2688 x 0,340 + 5335 x 0,138 + 50 %
9.81%0.322
F,=28251N
T=F,xr=28251x0.11 =310.7N.m



The difference of results by analytical and
graphical methods can be due to practical crror in
drawing the Klein’s construction and also because the
equation used in analytical solution for acceleration
are only approximate.

Example 1311 Figure 13.17(a} shows the link
mechanism aof a quick-return
mechanism of the slotted
lever type with the following
dimensions:

04 = 40 mm, OP = 20 mm, AR =
RS = 30 mm.

The crank OA rotates at 210 rpm. The centres
of mass of the links AR and RS are at their
respective midpoints. The mass of the link AR
is 15 kg and the radius of gyration is 265 mm
about the centre of mass. The mass of the link RS
is 6 kg and the radius of gyration is 90 mm about
the centre of mass. The reciprocating mass is 5
ke at the slider §. Determine the torque required
to be applied on the crank OP ta overcome the
inertia forces on the mechanism.

70 mm,

Dynawmic Force Analysis 45&?5

Sofution First of all, draw the configuration
diagram to somne suitable scale and find the dynamic
equivalent masses on links AR and RS.
Link AR

m=15kg, /=700 mm, k=265mm

Placing one dynamic mass at 4 and the other at D
where D 1s located by

2 2

_ 350+ 283
AG, 350

Now, mass at 12 is calculated from,

my X AD=m < G0

or  m,;x5506=15x350

or  m;=954kg and m,=15-9.54=540kg
Link RS

m==60kg, /=300mm, &=90mm

Placing one dynamic mass at S and the other at £

where £ is located by
2 2

AD = AG + = 550.6 mm

90
=150+ —— =204
130 204 mm
Now, mass at £ is calculated from,
m, %X SE=mx 8¢’

or m,x204=6x150
or  m,=44lkg and m,=15%kg
Total mass at 5, m,=1.59 +5=6.59kg

Velocity and Acceleration Diagrams

Draw the velocity and acceleration diagrams as
shown in Fig. 13.17. The procedure bas been
described in Example 3.7. Locate points d and e in
the velocity diagram corresponding to points I and
E respectively in the configuration diagram and in a
similar way d, and e, in the acceleration diagram.

Acceleration of D = a,d, = 36.] m/s?

Inertia force of mass a1 £2=9,54 x 36.1 = 344.8 N

Velocity of D = ad

Taking its components along and L to the inertia
force at D,

Component along the force = 2,76 m/s

Work done =344.8 x 2,76 = 952 N.m

Accelcration of E = 36.63 m/s®

inertia force of massat £=4.41 x36.63=161.2N

Velocity of £ =oe

Taking its components along and L to inertia
force at £,

Component along the force =4.12 m/s
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Work done = 161.2 x 4,12 = 664 N.m Velocity of £=op
Acceleration of §=32.8 m/s? Its components along the force = 0q = 3.26 m/s
Inertia force of mass at $=6.59x32.8=216N Work done by F,= (F, x3.26) {ii)
Velocity of §= os = 4.5 m/s Equating (i) and (ii),
Work done =216 X 4.5=973 N.m F, %326 = 2589
Total work done =952 + 664 +973=2589 N.m (i) s F,=T794N
This work must be equal to the torque to be Thus, the required torque = F,xh

applicd to the crankshatft, h = 1498 mm (on measurement from the
Let F, be the force applied by the slider on the  configuration diagram)

link AR which is L to 4R. T=568x0.1498=119 N.m

311 TURNING-MOMENT DIAGRAMS

During one revolution of the crankshaft of a steam engine or IC engine, the torque on it varies and is given by

T=Fxr
. .. sin 26
= Fr 51n9+—7—-——- (refer Eq. 3.21)
2¥n’ —sin’ 8

where F is the net piston effort.

A plot of T vs. 8 is known as the turning-moment diagram. The inertia effect of the connecting rod is,
usually ignored while drawing these diagrams, but can be taken into account if desired.

As T = F, X r, a plot of F, vs. 8 (known as crank effort diagram) is identical to a tuming-moment
diagram,

The tuming-moment diagrams for different types of engines are being given below:

1. Single-cylinder Double-acting Steam Engine

Figure 13.18 shows a turning-moment diagram for a single-cylinder double-acting steam engine. The crank
angie O is represented along the x-axis and the tuming-moment along the y-axis. It can be observed that
during the outstroke (ogp) the turning moment is maximum when the crank angle is a little less than 90° and
zero when the crank angle is zero and 180°. A somewhat similar turning-moment diagram is obtained during
the instroke (pkg).

Note that the area of the tumning-moment diagram is proporiional to the work done per revolution as the
work is the product of the turning-moment and the angle turned.

The mean tarque against which the engine works

is given by g
Area agpkp - K
0¢ = ———— g +
2r E +
where oe is the mean torque and is the mean height of € o h j I e f
the tuming-moment diagram. £ | N - /. N - 7
When the crank turns frem the angle oa to 0b (Fig. E | ' \p/ | I P
| L NP/ I L7
¢ a @2 b 7 ¢ 3@W2d 2r a

13.18), the work done by the engine is represented by
the area afghb. But the work done against the resisting
torque is represented by the area afhb. Thus, the engine
has done more work than what has been taken from it.

Crank angle
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The excess work is represented by the area f2h. This excess work increases the speed of the engine and is
stored in the flywheel.

During the crank travel from b or oc. the work needed (or the external resistance is proportional to bhjc
whereas the work produced by the engine is represented by the area under /zpj. Thus, during this period, more
work has been faken from the engine that is produced. The loss is made up by the flywheel which gives up
some of its energy and the speed decreases during this period.

Similarly, during the period of crank travel [ron1 e to od, excess work is again developed and is stored in
the flywheel and the speed of the engine increases. During the crank travel from od to oa. the loss of work is
made up by the fiywhecl and the speed again decreases.

The areas feh. hpj. jki and lyf represent fluctuations of energy of the flywheel. When the crank is at b, the
fiywheel has absorbed energy while the crank has moved from a to b and thereby. the speed of the engine is
maximum. At ¢, the flywheel has given out energy while the crank has moved from b to ¢ and thus the engine
has a minimum speed. Similarly, the engine speed is again maximum at & and minimum at . Thus, there are
two maximum and two minimum speeds for the turning-moment diagram.

The greatest speed is the greater of the two maximum specds and the least speed is the lesser of the two
minimum speeds.

The difference between the greatest and the least speeds of the engine over one revolution is known as the
Jhuctuation of speed.

2. Single-Cylinder Four-stroke Engine

In case of a four-stroke internal combustion engine, €

the diagram repeats itself’ after every two revolutions § ’

instead of one revolytion as for a steam engine. ltcan  E A ,-J
be seen from the diagram (Fig. 13.19) that for the g 01 s 5 An

majority of the suction struk‘et the turning moment 2 !\/ EMn:ang!e i 4r
is negative but becomes positive after the point p. Suction Compression| Expansion]  Exhaust
During the compression stroke. it is totally negative, [t .

is positive throughout the cxpansion stroke and again Fig. 13.19.

negative for most of the exhaust stroke.

3. Multi-Cylinder Engines

As observed in the foregoing paragraphs, the turning-moment diagram for a single-cylinder engine vartes
considerably and a greater variation of the same is observed in case of a four-stroke, single-cylinder engine.
For engines with more than onc cylinder, the total crankshaft torque at any instant is given by the sum of the
torques developed by each cylinder at the instant.

For example, if an engine has two cylinders

with cranks at 90°, the resultani turning moment a ¢/ a\d 9@’ 9/&5\ hb’c
diagram has a less variation than that for a single NS NS .
cylinder. In a three-cylinder engine having its
cranks at 120°, the variation is still less.

Figure 13.20 shows the turning-moment
diagram for a multicylinder engine. The mean
torgue line ab intersects the turming moment curve o Crank angle 2
atc, d, e. f, g and A The area under the wavy curve
is equal 10 the area oabk. As discussed carlier, the Fig. 13.20:

Turning moment
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speed of the engine will be maximum when the crank positions correspond to d, f and 4, and minimum
corresponding to ¢, ¢ and g.

LY éIUATION OF ENERGY

2

Let a, a;, and a5 be the arcas in work units of the portions above the mean torque ab of the turning-moment
diagram (Fig. 13.20). Thesc areas represent quantities of energies added to the flywheel. Similarly, areas a,
a4 and ag below ab represent quantities of energies taken from the flywheel.

The energies of the flywheel corresponding to positions of the crank are as follows:

Crank position Flywheel energy
¢ E -
d E+ag,
e E+a;—a,
f Eta-ata
g E+tay-ay+ay-a,
h Eta —a,+ay—a, +as
c E+ay—-a,+ay~a, tas—a

From the two values of the encrgies of the flywheel corresponding to the position c, it is concluded that
-yt ay—a, tas—a;=0

The greatest of these energics is the maximum kinetic energy of the flywheel and for the corresponding
crank position, the speed is maximum.

The least of these energies is the least kinetic energy of the flywheel and for the corresponding crank
position, the speed is minimum.

The difference between the maximum and minimum kinetic energies of the flywheel is known as the
maximum fluctuation of energy whereas the ratio of this maximum fluctuation of energy to the work done per
cycle is defined as the coefficient of fluctuation of energy.

The difference between the greatest speed and the least speed is known as the maximum Sluctuation of

speed and the ratio of the maximum fiuctuation of speed to the mean speed is the coefficient of fluctuation of
speed.

| FLYWHEELS

A flywheet is used to control the variations in speed during cach cycle of an engine. A flywheel of suitable
dimensions attached to the crankshaft, makes the moment of inertia of the rotating parts quite large and thus,
acts as a reservoir of energy. During the periods when the supply of energy is more than required, it stores
energy and during the periods the requirements is more than the supply, it releases energy.
Let [ = moment of inertia of the flywheel
@, = maximum speed
@, = minimum speed
@ = mean speed
E = kinetic energy of the flywheel at mean speed

Ml
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e = maximum fluctnation of energy
w —

K = coefficient of fluctuation of speed =

- . I 7 1
Maximum fluctuation of energy, e = 5 foy — Efmg

]
:El(mf - w3)

:l{w' ;%)(ml —,)

= fwiw —a,y)
=1wz[ﬂ’1_0’2]
w
= [0’ K
K== € -
or 16° 2><%1m 2E (13.30)

Exampfe 13.12 A fiywheel with a mass of 3
kN has a radius of gyration of
1.6 m. Find the energy stored
in the flywheel when its speed

. increases from 315 rpm to 340

rpm.

Solution
2 340
o = T2 = 35,6 radss
60
2r x 315

and @, = = 33 rad/s

Additional energy stored
| |
= o] —op) = Sk (@] —@3)

=%x 3000 1.6% X (35.67 = 337)

= 684 900 N.m or 684.9 kN.m
or 6349kJ

Example 13.13 A fiywheel absorbs 24 kJ
of energy on increasing its
speed of 210 rpm to 214 rpm.
Determine its kinetic energy
at 250 rpm. '

Solution Additional energy stored,

24000:%1(@2 -@3)

or 24 000=1mk2(2”] (2142 -210°) )
2 60

Kinetic energy at 250 rpm,
1 1 2y
E :EIwz =Emk2{5] x 2507 (ii)

E 250
24 000 2147 - 2107
or E = 884 430 N.m or 884.43 kN.m or 884.43 kJ

Dividing (if) by (i)

Exampfe 13.14 A double-acting steam engine
develops 56 kW of power at
210 rpm. The maximum and
minimum speeds do not vary
more rhan 1% of the mean speed and the excess
energy is 30% of the indicated worg per stroke.
Determine the mass of the _szwheeﬁ:;e radius
of gyration of the fiywheel is 500 mm.

Solution Work done per second = 56 000 W
=56 000 N.m
For a double-acting engine, the number of

working strokes per minute =2 x 210 =420
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Work done /stroke
Work done per second

= Number of working strokes/second
56000
420/60
Fluctuation of energy = 8000 x 0.3 = 2400 N.m

= 8000 N.m

~ . —{).99.
K:w, a)_:IOIw (J)w:oﬂ2
w w
Also, K = — = i—
. fw™  mk @~
or 0‘02 = 2400

mx0.5" x22°
or  m=992kg

Example 13.15 A flywheel fitted to a steam

engine has a mass of 800 kg.

Its radius of gvration is 360

mm. The starting torque of the

engine is 580 N.m and may be assumed constant.

Find the kinetic energy of the fhowheel after 12
seconds.

Sotution Angular acceleration,

T T 580

AT Tk 300x0.36°

an =y +ar=0+559%12 = 67.08 radis

= 5.59 rad/s”

Kinetic encrgy
1, 1 1 5

= —Jw" = —mk’® = — x 800 x 0.36> x 67.0%8°
2 2 2

=233 270 N.-mor233.27kJ

Example 13.16 The turning-moment diagram
Jor a petrol engine is drawn 1o
avertical scale of | mm = 500
Nm and a horizomtal scale
of Imm = 3° The turning-moment diagram
repeats iiself after every half revolution of
the crankshdfi. The areas above and helow
the mean torque line are 260, —580, 80, —380,
870, and -250 mm’. The rotating parts have a
mass af 55 kg and radius of gvration of 2.1 m
If the engine speed is 1600 rpm, determine the
coefficient of fluctuatrion of speed.

Sefution  Let flywheel KE at e = E
(refer Fig. 13.21)

870

1
580 380 250!
2% !
EE !
==
- E !
|
Crank angle ——— T
- Fig.13.21:
at b =E +260
ate = £+260 - 580 =F£ - 320
atd =£-320+80=F£-240
ate =£-240-380=F - 620
atf=F-620+870=E + 250
atg =E+250-250=FE
Maximum energy = £ + 260 {at b)
Minimum energy = £ — 620 (ate)

Maximum fluctuation of energy,
€ma — (£ +260) — (£ — 620) x Hor. scale

X Vert. scale
= 880 x 3x-f—J><500
180
= 23038 N.m
} ¢ e 23038
e it 277 16007
55%2.1% x (—’f;—(}_]

K =0.0034 or 01.34%

Example 13.17 A three—cylinder single-acting
engine has its cranks at 120°.
The turning-moment diagram
Jor each cycle is a triangle
Jor the power stroke with a
maximum forque of 60 N.m at 60° after the dead
cenfre qf the corresponding crank. There is no
torque on the return stroke. The engine runs at
400 rpm. Determine the

(i} power developed




{ii) coefficient of fluctuation of speed if the
mass of the flywheel is 10 kg and radius of
gyration is 88 mm

(i} coefficient of fluctuation of energy
(ivi maximum angular acceleration of flywheel

Solution The turning-moment diagram for cach
cylinder is shown in Fig, 13.22(a) and the resultant-
turning moment diagram for the three combined
cylinders is shown in Fig, 13.22(b).
(i) Work done/cycle = Area of three triangles
= 3x{60x w2)=90x
Work done /cycle  90x

Mean torque = Angle turned P 45 N.m
P=To=45x XM _less w
60
or ].885 kW

(i) As the area above or below the mcan torque
line is the maximum fluctuation of crergy,

60x |
oy = ™ x(60—45]x:
=2.5xN.m
Cylinder Cylinder Cylinder
1 2 3
60—
/
, 1
i
I ,
30 i
Turning |l
moment |
(N.m.} |
| .
0 B60° 120° 180° 240° 300° 360°
Crank angie ——»
{a)
80—
45 e\ ; |
I 60 t |
oan \ | |
Turning | I I i
moment I : : ;
| | [
0°  60°

120° 180° 240° 300° 360~
Crank angle ——»

{b)
Fig. 1322

Dynamic Force Analysis  46%,

K= _(.)T == f 3
fo-  wmkw*
_ 2.5x
- 2
10 % 0.088° (M]
60

=0.0578 or 5.78%
(i11) CocHficient of fluctuation of energy.
X = Maximum fluctuation of energy

work done/cycle
2.5
T 4
=0.0278
(iv) Maximum fluctuation of torque
=60-45—=15Nm
AT = |5 N.m
or loe=mkt =15
or 10 x(0.088)° x =15
or o= 193.7 rad/s’

engine, the work done by the
dune during the compression
develops 14 kW at 280 rpm. The fluctuation of
the compression and the expansion strokes may

Example 13.18 In a single-acting four-stroke
gases during the expansion
stroke is three times the work

stroke. The work done during the suction
and exhaust strokes is negligible. The engine
speed is limited to 1.5% of the mean speed on
either side. The turning-moment diagram during
be assumed to be triangular in shape. Determine
the inertiu of the fywheel.

Sofution

P=14kW N = 280 rppm, K =1.5%,
2N 27 %2
=228 X280 5937 radis
60 60
It is a four-stroke engine, Thus, a cycle is
completed 1n 47 radians. Thus the number of
working strokes per minute is half the rpm, ie.,

144. The torning-moment diagram is shown in Fig,
13.23.
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T Tmax f-==mm=mmmemmm oo 3
Tumning
moment
(N.m)
D

Tmean 1

0 o ® s :

ﬂ\/21r F 3 4n

DN | |

Suction Compression Expansion Exhaust
Crank angleg ————=
¥ig. 13.295
Net energy produced/s = 14 000 N.m
Net energy produced/minute = 14 000 x 60 N.m
14 000 x 60
140
=6 000 N.m
Now, during the compression stroke, the energy
is absorbed whereas during the expansion stroke, it
is produced.

Thus if £ is the energy produced during the
expansion stroke,

Net energy produced/cycle =

E
Then E— 3 =6000 or £=9000N.m

T xzn
Also =2

5 = 9000 or T, ~5730 N.m

and  Tyean X 47=6000; =~ T,...=477.5 N.m

In triangle ABE,
CD _EG _
AB  EF

=0.9167
or CD=09167xxg=288rad

and maximum fluctuation of energy,

CDXxEG  288x5252.5

2 2

5730—-477.5  5252.5
5730 5730

e=Area CDE =
=7564 N.m

e
K=—o0r0.03=

_ 2
o or /=293 3kgm

1%29.322

Examp!e 13.19 The trning-moment diagram
~of a fourstroke engine is
assumed to be represented
by four triangles, the areas

of which from the line of zero
. pressure are
Suction stroke = 440 mm’
Compression stroke = 1600 mm’
Expansion stroke = 7200 mm’
Exhaust stroke = 660 mm’

Each mm’ of area represents 3 N.m of energy.
If the resisting torgue is uniform, determine the
mass of the rim of a fiywheel to keep the speed
between 218 and 222 rpm when the mean radius
of the rim is to be 1.25 m.

Solution 1t is a four-stroke engine, Thus, a cycle
is completed in 4a radians. The turning moment
diagram is shown in Fig. 13.24,

Tmax ____________

T

Turning
moment
{N.m.)

Tmean

0 T 2r F 3?\/4’[

Sucﬂon Comp:essnon Expansion Exhaust

Crank angle —— &

The energy is produced only in the expansion
stroke whereas in the other three strokes, it is spent
only.

Net energy produced in one cycle

=[7200 - (440 + 1600 + 660)] x 3

= 13 500 N.mn
Also T, . x4r = 13500
or Tinean = 1074 N.m

Lnergy produced during expansion stroke = Area
% Energy/mm? = 7200 x 3 = 21 600 N.m



As the area of the tuming-moment diagram
during the expansion stroke indicates the energy
produced during the expansion stroke,

Toax X% _ 51 600
2

or T, =13 751 N.m

In triangle ABE,
C_D_E_ 13751-1074 12 677
AB EF 13 751 13 751

=0.9219
or CD=0.9219 xn=2.896rad
and maximum fluctuation of energy,
¢ = Area CDE = CDx EG _ 2.896 ><2]2 677
= 18356 N.m

1
Now, ¢ =§!’(mf - ®3)

1
!3356=5mk2 (@ —o})

1 2 2 .
=—xmx1.25 [-—) (2227 ~218%)
2 60

=15.0786¢ m
m=12174kg

Exampfe 13.20 The torque delivered by a fwo-
stroke engine is represented by
T = (1000 + 300 sin 28
— 500 cos 26) Nm
where 8 is the angle turned by the crank from the
inner-dead centre. The engine speed is 250 rpm.
The mass of the fiywheel is 400 kg and radius of
gyration 400 mm. Determine the
(i) power developed
(i) total percemtage fluctuation of speed
(iii} angular acceleration of flywheel when the
crank has rotated through an angle of 60°
Jrom the inner-dead centre
(iv} maximum angudar acceleration and retarda-
tion of the flywheel

Solution For the expression for torque being a
function of 28, the ¢cycle is repeated every 180° of
the crank rotation {Fig. [3.25).

Dynamic Force Analysis 4@

(1) mean

11'(

=—de9
Jrll:{}

= ij (1000 + 300sin 26 — 500 cos 26) 46
T

T
[10009 - égg cos 20 — §295m 26}
oz 2 2 "

= l[(1000:!1"— 150-0) - (0-150-0]
T

= 1000 N.m
2 > 250
P=To=1000x —— =26 180 W
or 26.18 kW
S S 500 cos 28
St b R~ 3005in20—-500c0s 26
LB | .S, T v 300sin2¢
e 2SO [, i .
1000 Ly i
I BT A NN o
P! ! 3
Turning ! P! ! ;
moment ! P! ! P
(N.m.} ! vt ! P
H ' | ] . |
' 1 | 4 . L 1 '
0° 30 60° 980° 1207 150° 180°
Crank angle —

iFig. 13.z§

(11) Atany instant, AT = T- T ...
= (1000 + 300 sin 28 -500 cos 26) — 1000
=300 sin 26 — 500 cos 28
AT is zero, when 300 sin 26 -500 cos 26=1
or 300 sin 28= 500 cos 28

3
or tanzf= 5

or 20=39 or

#=29.5%0r 119.5° )
119.5° .

O = | ATdE

29.5°
119.5%

| ©00sin 26 - 500c0s 26)0
2050

2397
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=[-150cos 28 — 250 sin 20]' Y3

angle. The mean engine speed is 400 rpm. The
Jhwheel and the other rotating parts attached to

=583.1 Nm
e the engine have a mass of 350 kg at a radius of
K= ER: gvration of 220 mm. Calculate the
5831 (i} power of the engine
= = . (i) total fluctuation of speed of the fiywheel
a 2w x 2547 hew th
400 x (0.4)° x| 220 when the
60 {a) resisting torque is constant
=0.01329 or 1.329% (b} resisting torque is (800 + 80 sin &) N.m
(1) Acceleration or deceleration is produced by Soluti
cxcess or deficit torque than the mean value olution
at anv instant, ni =350 kg N =400 rpm
AT= 300sin 26— 500cos 20 ¥ — 220 mm w=2EX300 L 89 radis

when 8 = 60°, For il ssion for 1 60 bei functi
W IRE expression 1or 1orque 21 a nehon
AT =259.8 — (- 250) = 5098 N.m ‘ P d ng @ unchx

K i ot 38, the cycle is repeated after cvery 120° of the
or for=mk= o= 509.8 vrank rotation (Fig. 13.26),

or 400 x{0.4) x &= 509 8 | s
or o= 7.966 rad's? () Pl = EYE _[ Tde
PP .
(iv) For AT, . and AT, o !
[

d 3 : .
2 (AT) =L (3005in 26— 50005 26) = 0 = —— | (800 +180sin30)do
de do =D

05 in 2= 3 3 23
or 2><300L0529+2><§005m 8=0 A 8009-]~—(—)c0539
or 600 cos 28=—1000 sin 28 2T 3 o
or tan28=-0.6 = 800 N.m

or 28=149.04" and 329.04° P=Tw=800x4189=33512W
or 6=7452°and 164.52° |
when 20=149.04°, T35 15831 Num, —_

180 sin 36

AT=583.1 N.m 3 o b 80 sing
when 26 = 329.04°, T~ 416.9 N.m. 2N S A W RN i -
AT'=-583.1 N.m

As values of AT at maximum and minimum !

i i
i i
i i
.i i
| |
| |

. L f i

torgue T are same, maximum acceleration is equal Turning ! i
. . | H

to maximum retardation. moment, i
i

or  AT=mi o= 583.! {N.m.} I
or 400 x (0.4) x a=583.1 g I

. . ) g® 30° 60° 90° i20° 150° 180°
Maximum acceleration or retardation, & = 9.11 i Crank angle

rad/s? !

i
i
i
i
i
1
i

'Fig. 13.26"
Example 13.21 A machine is coupled to a two- 8

stroke engine which produces
a torque of (800 +180) sin 36)
Nom, where 8 is the crank

{i1) (a) Avany instant, A7 =T7-7,
=800+ 180 sin 3¢ 300
= 180 sin 38




AT is zero when 180 sin 38= ()
orwhen sin38=90

or 38=0°or 180°
or g=0°or 60°
o0
O = | ATt

S
60
= [ (180sin36) 40
S
_ [ 180 cos 36
- 3
=20 N.m
e 120
K=—7= 2 7
mior 350%(0.22)2 x (41.89)"
= 0.00404 or 0.404%

(b} AT =T of engine — T of machine
= ( R00 + 180 sin 36) — (800 + 80 sind)
= 180 sin 38— 80 sin 6
AT is zero when 180 sin 38— 80sin 8- 0
of 180sin38=280sin@
or 180 (3 sin #—4 sin’® 8) =80 sin @

Gl

(e

or 3—4sin’ 6= S0 = (1.4444
100

or sin’#=0.639

or sin @=1079%

or 8=*53%andx 127°
127° 127

e = | ATdO = | (80sin 3@ - 80sin 6y 40
53 53

£27°

180 cos 38

+80cos 9}
3

.
|- 537
=~ 60 cos 381° + B0 cos 1277 + 60 cos
159° - 80 cos 53°
=-208.3 N.m
e 2083

= - —5 = 0.007
mie? 350 (0.22)7 x (41.89)

K =

=0L7%

Duywanric Force Analysis 46'3?

Example 13.22  The torque delivered by a two-
stroke engine is represented by
T = (1200 + 1400 sin@ +
210 sin 28 + 21sin 36) N.m
where 8 Iy the angle turned by the crank from
the imner-dead centre. The engine speed is 210
rpm. Determine the power of the engine and the
minimum mass of the flywheel if its radius of
gyration is 800 mm and the maximum fluctuation
of speed is to he £ 1.5% of the mean.

Sofution

k = 800 mm
K=0.015+0015=0.03

The expression for torque being a function of 8,

N=210rpm

28 and 36 the cycle 15 repeated after every 360° of
the crank rotation (Fig. 13.27).

] 3
) T = — | 746
() T R!
“T(1200 + 1400sin 6

2r ! +210sin 28+ 215in 38)d6

12008 + 1400 cos 8 2

=— 210 21
2l +—vcos208+-—cos 3@
2 2 0

1
= —[(2400m + 1400 + 105 +10.5)
2r

— (0 + 1400 + 105+ 10.5}]
= 1200 N.m

=26390 W

P =To=1200x 25 X210
60

or 26.39kW

(i) Atany instant, AT=T-T_ ...

= (1200 + {400 sin@- 210 sin 26 +
21sin 36} -1200
= 1400 sin@ + 210 sin 28 + 21sin 38

AT 15 zero when
1400 sinf + 210 sin 26 + 21sin 38=10
This will be so when @is 180° or 360°. This can

be easily seen from the plot of the tuming moment
diagram.



Theory of Machines

1400 sing + 210 sin 26 + 21 sin 34

I
1400sing. ;.
.~ 210 sin 29!
,'/ ST T |
....... A
1200 DL S,
¢ SRR NN
I P S
s b !
5= I R :'
EE T !
£< i i i i
E . : . : . : .
2 [0° 30° 60° 80° 120° 150° 180° 2ige

Crank angle ——»
[Fig. 13.27

T

T
Crsx = (J} ATdt = ({(1200 +1400sin §

+210sin 28 + 215in 38) 8

i 4
= [:1400 cosd + 29 cos26 + ﬂcoﬂe}
2 2 o
=[(—1400+105-10.5) - (1400 + 105 + 10.5)]

=2821 N.m
e
Now, K= 3 3

mik~w
2821
0.03 = T
mx(0.8)2 x(2:r><2|())
60
0.03 = 2821
' i x3.095
m =303 8 kg

Example 13.23 In a machine, the inter-

mittent operations demand

the torgue to be applied as

Jollows:

o During the first half-revolution, the torque
increasesuniformly from800N.mto 3000N.m

* During the next one revolution, the torque
remains constant

® During the next one revolution, the torque
decreasesuniformlyfrom 3000N. mto800N.m

® During last half-revolution, the torque remains
constant.

Thus, a cycle is completed in 4 revolutions. The
mator 10 which the machine is coupled exerts a
constant torgue al a mean speed of 250 rpm. A
Sywheel of mass 1800 kg and radius of gyration
of 300 mm is fitted to the shaft. Determine the
(i} power of the motor
(i} total fluctuation of speed of the machine

shafi
Solution
m= 1800 kg N =250 rpm
k=500 mm

(a) ReferFig. 13.28.

< 3000 F—

E H

£

8’1762'5

= [

=

5 8003~ - ———=———=

2 A F

0 n 3n 5n 8xn

Crank angle
JFig. 13.28)

Terque for one complete cycle, T=area OUABCDEF
or T'= Area OAEF + Arca ABL + Area LBCM +
Area MCD

: 0
:SKXROO+E@+2H><22UU+MQ_
=14 1007 N.m

14
T = O 1265 sNm
¥4
250
P=T,0=1762.5x 2520 _ 46 102w
or 46.143 kW
- I 0—' .
(i JG= AL X£(-1—=xxw
BL 3000 - 800
=1.767

HE = Mpx S _ 5 300017625
M 3000 — 800

= 3.534

The fluctuation of energy is equal to the area
above the mean torque line.

= Area)BCK=arcaJBG+area GBCH area HCK
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=(3000—1762.5}[1'?67+2;r+3'534J . L1 055 2
1800 x (0.5)° X[M)
= 11055 N.m -
K=—2— — 0.0358 or 3.58%
mk’ e’

‘44" 'DIMENSIONS OF FLYWHEEL RIMS

The inertia of a flywheel is provided by the hub, spokes and the
rim. However, as the inertia due to the hub and the spokes is very
small, usually it is ignored. In case it is known, it can be taken
into account.
Consider a rim of the flywhee] as shown in Fig. 13.29.
Let @ = angular velocity
r = mean radius
¢ = thickness of the rim
p = density of the material of the rim
Consider an element of the rim,
Centrifugal force on the element/unit length = (p(rd)t).re’
Total vertical force/unit length

= J’: pr’d0se’ sin@ = prl1e’ [ sin0.do

= prltw’(-cos8) f = 2pr" 1o0°

Let o= circumfzrential stress induced in the rim

(Circumferential stress is also known as Aoop siress.)

Then for equilibrium, 0(20).1 = 2p.r" 1.w°
o=pro=py* (1331

The above relation provides the limiting tangential

velocity at the mean radius of the rim of the flywheel.
Then the diameter can be calculated from the relation,

v = maN/60.
Also, mass=density X volume=density x circumference

% ¢ross-sectional area
or m=prdbt (13.32)

The relation can be used to find the width and the
thickness of the rim.

Example 13.24 The turning-moment diagram for

M a multicylinder engine has been
drawn to a vertical scale of 1 mm
= 650 N.m and a horizontal scale

Fhywheel of a diesel engine
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of 1 mm = 4.5° The areas above and helow
the mean torque line are ~28, + 380, 260, +
310, -300, +242, -380, +265 and -229 mm’.

The fluctuation of speed is limited o + 1.8%
of the mean speed which is 400 rpm, The density
of the rim material is 7000 kg/n’® and width of
the rim is 4.5 times its thickness. The centrifugal
stress (Roop Stress) in the rim material is limited
to 6 N/mm?. Neglecting the effect of the boss and
arms, determine the diameter and cross section

of the flywheel rim.

Solution
£ = 7000 kg/m’ o=6x 10°N/m?
N =400 rpm K=0018+0.0i8=0.036
b=4.,5¢

Now,
o=pt (Eq. 13.31)
6 % 108 = 7000 x 1*
v=2928 m/s

Tdn 7 xdx400

o —=————" 247§
60 60)
or d=1398m
b 380 d310 f 2429 h265f Ka)
NG _Gr8 f N N 4
E4 A P S N
g |28 260 300 380 \g‘ﬁi
2 r
o |
E {
£ I
2 !
o Crank angle 2n

Refer the turning-moment diagram of Fig. 13.30,
Let the flywheel KE at g = £
ath = £-28
atc = E-28+380=F+352
atd = E+352-260=E£+92
ate = E+92+310=E+402
atf'= E+402-300=£+102
atg = E+102+242=£+344

ath = E+344 -380=F-36
atj = E-36+265=E+229
atk=FE+229-229=¢
Maximum energy = E + 402 (at e)
Minimum energy = F — 36 (ath)
Maximum fluctuation of energy,
€inax — (£+402)~ (£ -36) x hor. scale x vert. scale

— 438 x (4.5 X i) X 650
180

=22360 N.m

& e
K = —— = —
o' milw?
22 360

[1.39@;}2[2”400]2
| L3981 (21 X 400
2 60

0.036 =

m=7245 kg
or  density X volume = 724.5
or px(ad)xix4.5t=724.5
or - 7000 X 7% 1.398 % rx 4.5¢="724.5
or  =0.0512mor51.2 mm
h=45x51.2=230.3 mm

Example 13.25 The speedvariation of an Oteo
cycle engine during the power
stroke is limited to 0.8% of
the mean speed on vither
side. The engine develops 40 kW of power
at a speed of 130 rpm with 65 explosions per
minute. The work done during the power stroke
is 1.5 times the work done during the cycle. If
the hoop stress in the rim of the flywneel is not
to exceed 3.5 MPa and the width is three times
the thickness, determine the mean diameter and
the cross section of the rim. Assume that the
energy stored by the flywheel is 1.1 times the
energy staged by the rim and the density of the
rim maverial is 7300 kg/m®. The turning-moment
diagram during the expansion stroke may be
assumed 1o be triangular in shape.
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Sofution As the number of explosions are half the CD  EG 35259-2938.2
speed of the engine, it is a four-stroke engine and 4B EF 35259
the cycle is completed in 47 radians. The turning- 32320.8
moment diagram is shown in Fig. 13.31. = — =0.9167
35259
2 2 7.
p=22NT 40 000:1”13(3]__@@ or  CD=09167 x 7=2.88 rad
and maximum fluctuation of energy,
.. CDxEG 2.88x323208
Tmax === == =mmmmmoa E ¢ = Area CDE = > = 5

§ T =46 542 N.m

G -

Sé From strength considerations, the hoop stress,

£

E 7 C D o=pvlor 3.5 x 10%= 7000 x 2 or v = 22,36 m/s

[ masarn A/ :G \B _‘:

o 1 ~ A
0 AN 2 F 3a~— 4nm or rd I xd x130 =2236
ol | e | 60 60
L T I !
Suction Compression Expansion Exhausi or d=3285m

Crank angle —— . . )
Energy stored in the rim = 46 542/1.1

iFig. 1331 = 42311 N.m
e
or Tnean =29382N.m Now, K = 1_02- = mk2{02 or 0.016
or  Energy produced per cycle = 2938.2 x 41 _ 42311 or m=5289 kg
=36923N.m m(3.285]2[2nx130]2
Energy produced during expansion stroke 2 60

=36923 x £.5=55385Nm .
or  density x volume = 5289

The work done or the energy produced during the
or  pPX(mdyx1x4.5t=5289

Toax XTT
Lz——=55385

or T.,,=35259Nm

power stroke =
or 7300 x mwx3.285xrx3r=75289

or (=0I153m or 153 mm

In triangle ABE and A£=3x153=459 mm

15 PUNCHING PRESSES

From the previous discussion, it can be observed that when the load on the crankshaft is constant or varies
and the input torque varies continuously during a cycle, a flywheel is used to reduce the fluctuations
of speed. A flywheel can perform the same purpose in a punching press or a riveting machine in which
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the torque available is constant but the load varies during the cycle.
Figure 13.32 shows the sketch of a punching press. It is a slider-crank
mechanism in which a punch replaces the slider. A motor provides
a censtant torque to the crankshaft through a flywheel. It may be
observed that the actual punching process is performed only during
the downward stroke of the punch and that also for a limiting peried
when the punch travels through the thickness of the plate. Thus, the
load is applied during the actual punching process only and during
the rest of the.downward stroke and the return stroke, there 1s no load
on the crankshaft. In the absence of a flywheel, the decrease in the
speed of the crankshaft will be very large during the actual punching
peried whereas it will incrcase to a much higher value during the
no-load period as the motor will continue to supply the energy all

Flywheel

Punch

Plate i E

%% Dig

the time.

Example 13.26 A riveting machine is driven
by a motor of 3 kW. The actual
time to complete one riveting
operation is 1.5 seconds and
it absorbs 12 kN.m of energy.
The moving parts including the fiywheel are
eguivalent to 220 kg at 0.5 m radius. Determine
the speed of the flywheel immediately after
riveting if it is 360 rpm before riveting. Also, find
the number of rivets closed per minute.

Solution
P=3kW, m=220kg k=05m,
_2aN  2rx360
60 60
Energy required/riveting = {2 000 N.m
Energy supplied by the motor in 1 seconds
= 3000 N.m
. energy supplied by the motor in 1.5 seconds
= 3000 x 1.5 = 4500 N.m
Energy supplied by the flywheel
e = energy required’hole — energy supplied by the
motor in 1.5 s

=377 rad’s

= 12000 -- 4500 = 7500 N.m

1 i
Also e= El(a)lz -ml)= Emk2 (@ —w3)

I o 2 3
or  7500= 5 x 220x0.5°(37.7° —w3)

or  37.7° —ew: =272.7 or , = 33.89 rads

“Fig. 1332

. 33.89x60

or N;=—
2r

Now, energy supplicd by the motor in one minute

= 3000 x 60 N.m

Energy required/riveting = 12 000 N.m

323.6 rpm

<. number of rivets closed /minute
3000 x 60
= s
12 0600

Example 13.27 A punching machine carries
otit 6 holes per minute. Each
hole of 40-mm diameter in 35-
mm thick platé requires 8 N.m
of energy/mm’ of the sheared area. The punch
has a stroke of 95 mm. Find the power of the
motor required if the mean speed of the flywheel is
20 mis. If total fluctuation of speed is not to
exceed 3% of the mean speed, determine the
mass of the fiywheel.

Solution
d=40mm K=003
=35 mm Stroke = 95 mm
v = 20 m/s

As 6 holes are punched in one minute, time
required te punch one hole is 10 s.

Energy required/hole or energy supplied by the
motor in 10 seconds

= arca of hole x energy required /mm?

=mdtx8



=35 186 N.m
. energy supplied by the motor in 1 seconds

35186
= —[-0—-—23518.6 N.m

Power of the motor, P=3518.6 W or 3.5186 kW

The punch travels a distance of 190 mm {upstroke
+ downstroke) in 10 seconds (6 holes are punched
in | minute).

- Actual time required to punch a hole in 35-mm

10
i =—x35=1.842%
thick plate 190 X 8

Energy supplied by the motor in 1.842 5
=3518.6 x 1.842 = 6431 N.m
Energy supplied by the flywheel
e = energy required’hole — energy supplicd by the
motor in 1.842 ¢
=35 186 - 6481 =28 705 N.m
or 2KE =28705
S 2x0.03x E=28705
or E=478417

or %mvl =478 417

1
or Em(zca)2 =478 417
or  m=2392kg

Example 13.28 A punching machine punches
20 holes of 30-mm diameter
in 20-mm thick plates per -
minute. The actual punching
operation is done in 1/10th of a revelution of
the crankshaft. Ultimate shear strength of the
steel plates is 280 Nimnm’. The coefficient of
Suctuation of speed is 0.12. The flywheel with a
maximum diameter of 1.6 m rofaies at 12 fimes
the speed of the crankshafi. Determine the
(i} power of the motor assuming the
mechanical efficiency to be 92%
{ii} cross section of the flywheel rim if width is
twice the thickness
The flywheel is of cast iron with a working tensile
stress of 6 N/mm? and a density of 7000 kg/m®.
The hub and the spokes of the flywheel may be
assumed to deliver 8% of the rotational inertia
of the wheel.

Dynamic Force Analysis

Solution =30 mm, =20 mm, 7, = 280 N/mm?,
n=20,1=092,K=0.12,p=7000kg/m*, D=16m
k=D2=08m

Maximum shear force required/punching

= area x ultimate shcar stress

=ax30x20x280=527 800N

Energy required per punching or stroke

= Average shear force X displacement (thickness)

527 80O

]

% 0.02:5278 N.m

Energy required per second = Energy per stroke
x No. of strokes per second

20
= 5278 x — = 17593
60

Power of the motor

= Energy required per second/Efficiency

_ 17593

092

As the actual punching is done in 1/10th of a
cycle, the energy is stored in the flywheel during the
9/10th ofthe cycle.

. maximum fluctuation of energy = energy

stored in the flywheel/stroke

=5278 x 0.9 = 4750 N.m

Since the hub and the spokes of the fiywheel
delivers 8% of the rotational inertia of the wheel,
maximum fluctuation of energy provided by the rim
=4750x 0.8 = 4370 N.m

Mean angular speed of the flywheel

=1912 Wor 1.912 kW

2r(20x12)
=———— =25 13 rad/
0 rad/s
e e
K=—s=
o mkle?
70
or 012 = 43

T X 0.8 x 2513

ofr m=90kg

or  Densily x volume =90

o  px(aD)xtx45t=90

or  F000x aAx 1.6xtx2t=90
or r=0.0358 m or 35.8 mm
or b=2x358=71.6mm
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rod is such that it tends to reduce the angle of the 11
connecting rod with the line of stroke.
The piston effort is the net or effective force applied
on the piston.
. Inertia force on the piston, 12.
Al
.r'—},=mf=.-mrco‘(cos(:'+m526 | \
n ) 3
Crank effort is the net effort (force) applied at the
crankpin perpendicular to the crank which gives
the required turning moment on the crankshaft. 14.
Turning moment due to force F on the piston
=Fr[5in8+ ‘i'fi} 5
2 )
2N —sint B 1
A dynamically equivalent system means that
the rigid iink is replaced by a link with two point
Exercises
. State and explain D' Alembert’s principle. 8.
2. What do you mean by equivalent offset inertia
force? Explain.
Derive an expression for the angular acceleration g.
of the connecting rod of a reciprocating engine.
What is meant by piston effort and crank effort?
Derive a relation for the turning moment at the 10.
crankshaft in terms of piston effort and the angle
turned by the crank. 11
What do you mean by dynamical equivalent
system? Explain. 12,
In what way is the inertia of the connecting rod of a 13.

Treory of Machines

Dynamic forces are associated with accelerating
masses. As ali machines have some accelerating
parts, dynamic forces are always present when the
machines operate.

D’Afembert’s principle states that the inertia forces
and couples, and the external forces and torques
on & body together give statical equilibrium,

In graphical solutions, it is possible to replace
inertia force and inertia couple by an equivalent
offset inertia force which can account for both. This
is done by displacing the line of action of the inertia
force from the centre of mass.

The sense of angular acceleration of the connecting

reciprocating engine taken into account?

Summary

10.

masses in such a way that it has the same motion
as the rigid link when subjected to the same force,
i.e., the centre of mass of the equivalent link has
the same linear acceleration and the fink has the
same angular acceleration.
The distributed mass of a rod can be replaced by
two point masses to have the same dynamical
properties if the sum of the two masses is equal
to the total mass, the combined centre of mass
coincides with that of the rod and the moment of
inertia of two point masses about the perpendicular
axisthrough their combined centre of mass is equal
to that of the rod.
In the analysis of the connecting rod, the two point
masses are considered to be located at the centre
of the two end bearings and then a correction is
apphed for the error involved.
A plot of Tvs. 8is known as the turning-moment
diagram.
The difference between the maximum and
minimum kinetic energies of the flywheel is known
as the maximum fluctvation of energy.
The difference between the greatest speed and the
least speed is known as the maximum fluctuation of
speed.
Aflywheel is used to control the variations in speed
during each cycle of an engine.
Coefficient of fluctuation of speed is given by

e e

"o T

When and why is the correction couple applied
while considering the inertia of the connecting rod
of a reciprocating engine?

Describe the graphical method of considering the
inertia of the connecting rod of a reciprocating
engine.

What are turning-moment diagrams? Why are
they drawn?

Define the terms coefficient of fluctuation of
energy and coefficient of fluctuation of speed.
What is a flywheel? What is its use?

Find a relation for the coefficient of fluctuation of
speed in terms of maximum fluctuation of energy



14.

15,

16.

17.

18.

and the kinetic energy of the flywheel at mean
speed.

in a four-link mechanism ABCD, the link AB revolves
with an angular velocity of 10 radfs and angular
acceleration of 25 radfs® at the instant when it
makes an angle of 45° with AD, the fixed hnk. The
lengths of the links are

AB = CD = Boc mm, 8C = 1000 mm, and AD =
1500 MM

The mass of the links is 4 kg/m length. Determine
the torque required to overcome the inertia forces,
neglecting the gravitational effects. Assume all
links to be of uniform cross-sections.

{82.2 N.m}
The following data relate to a fourdink
mechanism:
Link  tength Mass MQiabout an

axis through
centre of mass
8a kg.mm?
1600 kg.ram?
oo kg.mm?

AB éemm o0.2kg
BC 200mm 0.4 kg
o 1womm 0.6 kg
AD 140 MM
AD is the fixed link. The centres of mass for the
links BC and CD lie at their midpoints whereas
the centre of mass for link AB lies at A. Find the
drive torque on the link AB at the instant when it
rotates at an angular velocity of 47.5 radfs counter-
clockwise and £DAB 135°. Neglect gravity effects.
{1.96 N.m clackwise)
The effective steam pressure on the piston of
a vertical steam engine is 200 kNfm* when the
crank is 40° from the inner-dead centre on the
downstroke. The crank length is 300 mm and the
cennecting rad length is 1200 ram. The diameter of
the cylinder is 8oo mm. What will be the torque on
the crankshaft if the engine speed is 300 rpm and
the mass of the reciprocating parts 250 kg?
{9g16 N.m}
The length of the connecting rod of a gas engire
is goo mm and its centre of gravity lies at 265 mm
from the crank-pin centre. The rod has a mass of 8o
kg and a radius of gyraticn of 182 mm about an axis
through the centre of mass. The stroke of piston is
225 mm and the crank speed is 300 rpm. Determine
the inertia force on the crankshaft when the crank
hasturned (a) 30°, and (b} 135° from the inner-dead
centre,
(302.3N.m; 226.7 N.m)
The connecting rod of an IC engine is 450 mm long
and has & mass of 2 kg. The centre of mass of the

19.

20.

22.

23.

Dymantic Force Analysis 47%
rod is 300 mm from the smalt end and its radius of
gyration about an axis through this centre is 175
mm. The mass of the piston and the gudgen pin
is 2.5 kg and the stroke is 300 mm. The cylinder
diameter is 135 mm. Determine the magnitude
and the direction of the torque applied an the
crankshaft when the crank is 40° and the piston
is moving away from the inner dead centre under
an effective gas pressure of 2 N.mm?. The engine
speed is 1000 rpm.
(1994 N.m)
The connecting rod of a vertical high-speed engine
is 600 mm fong between centres and has a mass
of 3 kg. Its centre of mass lies at 200 mm from the
big end bearing. When suspended as a pendulum
from the gudgeon pin axis, it makes 45 complete
oscillations in 30 seconds. The piston stroke is 250
mm. The mass of the reciprocating parts is 1.2 kg.
Determine the inertia torque on the crankshaft
when the crank makes an angle of 140° with top-
dead centre. The engine speed is 2500 rpm.
(361.7 N.m)
The turning-moment diagram for a petrol engine
is drawn to a vertical scale of 1 mmto 6 N.omand a
horizontal scale of 1 mm to 1°. The turning moment
repeats itself after every half revolution of engine.
The areas above and below the mean torgue line are
305, 710, 50, 350, 980 and 275 mm?
The rotating parts amount to a mass of s0 kg at
a radius of gyration of 140 mm. Calculate the
coefficient of fluctuation of speed if the speed of
the engine is 1500 rpm.
{0.55%)
Determine the energy released by a flywheel
having a mass of 2 kN and radius of gyration of
1.2 m when its speed decreases from 460 rpm to
4£35rpm.
(353.59 kJ)
A flywheel is used to give up 18 kJ of energy
in reducing its speed from 100 rpm to g8 rpm.
Determine its kinetic energy at 140 rpm.
{8g0.9 kl}
The cranks of a three-cylinder single-acting engine
are set equally at 120°. The engine speed is 540
rpm. The turning-moment diagram for each
cylinder is a triangle for the power stroke with a
maximuem torque of 100 N.m at 6¢° after dead-
centre of the correspending crank. On the return
stroke, the torque is sensibly zera. Determine the
{a) power developed
{b} coefficient of fluctuation of speed if the
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24.

25.

Theory of Machines

flywhee! has a mass of 7.5 kg with a radius of
gyration of 65 mm
(c} coefficient of fluctuation of energy
{d) maximum angular acceleration of the flywheel
(4.24 kW,; 12.9%; 2.78%; 789 rad/fs®)
A certain machine requires a torque of (1500 + 200
sin 8) N.m to drive it, where is the angle of rotation
of the shaft. The machine is directly coupled to an
engine which produces a torgue of (1500 + 200 sin
26) N.m. The flywheef and the ather rotating parts
attached to the engine have a mass of 300 kgata
radius of gyration of 200 mm. If the mean speed is
200 rpm, find the
(a) fluctuation of energy
{b) total percentage fluctuation of speed
() maximum and the minimum angular accelera-
tion of the flywheel and the corresponding
shaft positions
(450 N.m; 9.3%; 10 rad/s?, 35.5; 33.35 rad/s?, 127.9°)
A constant terque motor of 2.5 kW drives a riveting
machine. The mass of the moving parts including
the flywheelis 125 kg at 700 mm radius of gyration,
One riveting operation absorbs 1 k) of energy and
takes one second. Speed of the flywheel is 240 rpm
before riveting. Determine the

26.

27.

(1)) number of rivets closed per hour, and
(iii} reduction in speed after the riveting operation.
{900; 52.7 rpm)
A machine too!l performs an operation inter-
mittently. It is driven continuousty by a motor.
Each operation takes 8 seconds and five operations
are done per minute. The machine is fitted with
a flywheel having a mass of 200 kg with a mean
radius of gyration of 400 mm. When the operationis
being performed, the speed drops from the normal
speed of 400 rpm to 250 rpm. Determine the power
of the mator required. Also, find how much energy
is used in performing each operation.
{4.28 kW, 513k
A shearing machine is used to cut flat strips and
each operation requires 37.5 kN.m of energy. The
machine has a flywheel with radius of gyration of
g00 mm. The speed at the start of each operaticn
is 1300 rpm. Determine the mass of the flywheel
assuming that the energy required for cutting
is fully supplied by the flywheel and the speed
reduction is not more than 15% of the maximum.
Alse, find the torque supplied to the flywheel so
that it regains its full speed in 3.3 seconds.
{1812.5 kg, goz.9 N.m)



